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History

As the beginning of stochastic control in insurance one might
choose the year 1995 in which Sid Browne published
Optimal investment policies for a firm with a random risk
process: exponential utility and minimizing the probability of
ruin, Mathematics of Operations Research.

Recent monographs:
Schmidli H (2007) Stochastic Control in Insurance. Springer
Pham, H (2009) Continuous-time Stochastic Control and
Optimization with Financial Applications. Springer
Azcue P, Muler N (2014) Stochastic Optimization in Insurance:
A Dynamic Programming Approach. Springer
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Today’s active topics

Control for insurance with control variables
investment,
reinsurance,
exposure,
capital injection

and objective functions
ruin probability min
company value max
company value with ruin constraint max
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Minimizing ruin probability by optimal investment

Investment is important and regulated
Investment in risky assets is dangerous
Optimal investment reduces ruin probability (diversification)
Optimization under constraints (regulation: no leverage, no
shortselling)
Helps when premia are too low
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Optimal investment for mean claim sum 1
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solvency capital Is 4.5486 (Blue), 4.7854 (Red) and 4.8653
(Green).
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Optimal investment: unbounded leverage
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Constrained investment
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Discrete claim sizes
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Maximizing company value: reinsurance

Company value = Expected accumulated discounted dividends
Investment: similar results.

Control variable. Reinsurance:
XL-reinsurance:
A claim of size X is split into two parts:
Reinsurer pays g(X ), first insurer pays X − g(X ).

Unlimited XL reisurance: g(X ) = max(X −M,0)
Limited XL reinsurance: g(X ) = min(max(X −M,0),L)
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Ruin probability and reinsurance
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Company value and reinsurance
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State dependent priority M(s)
M(s) = s pays the next claim

Reinsurance increases company value when it is cheap
enough.
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Company value with ruin constraint

Maximizing dividend value leads to certain ruin
Minimizing ruin probability is attained without dividends
Two objective problem: maximize dividend value under the
constraint that the with dividends ruin probability is ≤ α
Pareto optimality
Difficult optimization problem, but important
Should be used for optimal reinsurance and/or investment
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Policyholder dividends

Policy holder dividends can attract new contract holders and so
increase the business volume. Can these dividends increase
the dividend value for shareholders?
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Capital injection and reinsurance

There are many ways to transfer large claims to the capital
market (cat bonds etc). Schmidli and his students studied
capital injections for survival of the insurer, given by the
shareholders.
With capital injections, is reinsurance still needed?
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Stop loss and excess of loss reinsurance

Excess of loss (XL) reinsurance is defined via single claims,
while stop loss reinsurance is a risk sharing based on a fixed
period (one year). What is the right model for simultaneous
control of excess of loss reinsurance and stop loss
reinsurance?
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HJB approach: optimal reinsurance

Optimal reinsurance in the Lundberg risk process S(t) with
insurance actions a ∈ A and reinsurance premium h(a)

h(a) = λcρE [X − g(X ,a)], ρ > 1.

0 = inf
a∈A
{λE [V (s − g(X ,a))− V (s)] + (c−h(a))V ′(s)}

Hamilton-Jacobi-Bellman equation. The maximizer a = a(s) is
the optimal reinsurance at s.
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HJB approach: optimal investment

Optimal investment in the Lundberg risk process S(t) with
investment in a logarithmc Brownian motion risk Z (t) :

S(t) = s + ct − X1 − ..− XN(t), t ≥ 0

dZ (t) = µZ (t)dt + σZ (t)dW (t), t ≥ 0

0 = inf
a(s)≤A≤b(s)

{ λE [V (s − X )− V (s)] + cV ′(s)

+ AµV ′(s) +
1
2

A2σ2V ′′(s) }

Hamilton-Jacobi-Bellman equation, A = A(s) optimal amount
invested, a(s) = 0,b(s) = s : no leverage and no short selling
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Numerical solution: investment, µ = σ = 1

Discretization as in Chapter IX in Fleming and Soner’s book
Controlled Markov Processes and Viscosity Solutions

s = k∆,W (k) = V (s),

W ′(k) = (W (k + 1)−W (k))/∆,

W ′′(k) = (W ′(k)−W ′(k − 1))/∆

unconstr. (c −∆/2)W ′(k)2 + (H − cK )W ′(k)− HK = 0,

constr. W ′(k) =
−H + 1

2s2K/∆

s + c + 1
2s2/∆

H = λ(G(k)−W (k)), K = W ′(k − 1),

and G(k) is a discretized version of E [V (s − X )].
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Singular value functions

Optimal investment:

V ′′(0) = −∞
V ′(s) has a jump at s = 1 when X = 1
V ′′(s) has a jump at s = 1,2,3 when X = 1,2,3
a(s) = −4s,b(s) = s : jumps in V ′′(s)

V (s) viscosity solution of HJB
Fleming and Soner’s book Controlled Markov Processes and
Viscosity Solutions
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Problems without solvable HJB equation

Mixture models (G. Pitselis):
Markov modulated Lundberg process:
λ(t) finite homogeneous Markov process
Given λ(t), t ≥ 0, S(t) is a Lundberg model with claims intensity
λ(t).
Example: The sleeping volcano
T ∼ Exp(β), λ(t) = 0, t < T , λ(t) = λ, t ≥ T . A volcano is
sleeping until time T , and then it produces shock claims with
constant intensity λ.
What is the optimal reinsurance strategy for this situation?
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Nonstationary approach

Consider value functions after time t !
Ruin probability: with U(s) the ruin probability with constant
intensity λ

0 = λ̂(t)E [U(s − X )− V (s, t)] + cVs(s, t) + Vt (s, t)

Controlled ruin probability:

0 = inf
a
{λ̂(t)E [U(s−g(X ,a))−V (s, t)]+(c−h(a))Vs(s, t)+Vt (s, t)}

λ̂(t) = P{λ(t) = λ|N(t) = 0},

U(s) minimal ruin probability for the model with λ(t) = λ.
Computation with V (s,T ) = U(s),T large, and backward
calculation.
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Optimal XL reinsurance, up to the first claim
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M(s, t) for t = 0.05,0.025,0.045,0.095,0.17,300 (from the
right). The curves do not intersect; for smaller t we transfer less
risk to the reinsurer. In particular, the interval without
reinsurance decreases with t from [0,1.47] to [0,0.23].
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Volcano with sleeping periods

More realistic: switching between active and sleeping periods.
β : 0→ λ, γ : λ→ 0 intensities.
β < γ, i.e. short active periods Yi ∼ Exp(β), long sleeping
periods Zi ∼ Exp(γ).
V (s, t) ruin probability after time t ,S(t) = s, λ(0) = 0.
U(s, t) the same with λ(0) = 1.
λ̂0(t) = P{λ(t) = λ|N(t) = 0, λ(0) = 0}: no claim up to time t .
λ̂1(t) = P{λ(t) = λ|N(t) = 0, λ(0) = λ}.

Dynmic equations for ruin probabilities without control:

0 = λ̂0(t)E [U(s − X ,0)− V (s, t)] + cVs(s, t) + Vt (s, t),
0 = λ̂1(t)E [U(s − X ,0)− U(s, t)] + cUs(s, t) + Ut (s, t).
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Numerics

Work in progress;
Stationary distribution p(0) = β/(β + γ),p(λ) = 1− p(0),
stationary claims intensity λ = p(1)λ.
U(s) ruin probability for stationary process with intensity λ.

U(s,0) known:
for large T ,U(s,T ) = U(s), and backward calculation.
The same procedure for V (s, t).
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U(s,0) unknown

U(s, t) with iteration:
U(0)(s, t) = U(s).

0 = λ̂1(t)E [U(n)(s − X ,0)− U(n+1)(s, t)]

+ cU(n+1)
s (s, t) + U(n+1)

t (s, t),

solved with the above backward calculation.
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Optimal reinsurance strategy

Modified equations: change claim size and premia, e.g.

0 = sup
a
{λ̂0(t)E [U(s − g(X ,a),0)− V (s, t)]

+ (c − h(a))Vs(s, t) + Vt (s, t)}.

Optimal reinsurance up to the first claim: maximizer in the
equation for V (s, t).

Optimal reinsurance after the first claim: maximizer in the
equation for U(s, t) with t = 0 at the claim arrival.
Until the next claim. Iterate.

Research Gate: Project: Stochastic control in Markov switching
models
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Optimal dividend payment under a ruin constraint

We consider again a Lundberg process with the two dynamic
equations

0 = E [f (s − X )− f (s)] + cf ′(s), s ≥ 0, (1)

for the survival probability f (s) and

0 = −δg(s) + E [g(s − X )− g(s)] + cg′(s), s ≥ 0, (2)

for the company value g(s).

s < 0 : f (s) = g(s) = 0. (3)
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Basic functions

Basic probability functions without dividends are solutions of
(1): Probability to reach B ≥ s before ruin when starting at s :

1− f (s)

1− f (B)

Basic discounting factors are solutions of (2): If τ is the time to
reach B from s before ruin, then

E [exp(−δτ) = g(s)/g(B).

Functions f (s) satisfying (1) and (3) are all proportional.
Functions g(s) satisfying (2) and (3) are all proportional.
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Computation of company value under a ruin constraint

Lagrange approach, non stationary, gap;
iteration;
barriers and accompanying ruin probabilities;
numerical issues;
other control variables (reinsurance, investment).
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Iteration

Start with a simple possible company value, e.g. V (0)(s, α) = 0
or V0(s, α) = s − s(α), f (s(α)) = α.

V (n+1)(s, α) = max{g(s)/g(B)V (n)(s,a(B)),

α = (f (s)− f (B))/f (B) + a(B)f (s)/f (B).

Immediate dividend payment:

V (n+1)(s, α) ≥ y + V (n)(s − y , α).
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Iteration for exp claims
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V (s, α) after 50 iterations and for 5 values of α
Step size 0.01 for s and α, 350 cpu sec for one iteration
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Optimal dividend strategies

start at s0 and stop at ruin
dividend payment = all premia
start paying dividends when you reach B0 ≥ s0

after the first claim X you are at B0 − X . No dividends
until you reach B1 ≥ B0, then pay dividends,
and so on.
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accompanying ruin probabilities an(s),n = 0,1,2, ...

an(s) ruin probability between Bn−1 and Bn

an(s) = γnf (s)

a0(s0) = α

an(Bn) = E [an+1(Bn − X )]

an(s) intersects B(α) at Bn.
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Barriers and accompanying ruin probabilities
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Values for B(α) and for an(s),0 ≤ n ≤ 19.
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The End

Computation of V (s, α) for given s, α based on the choice of a
sequence (γn) or (Bn).

V (s, α) =
g(s)

g(B0)

c
λ+ δ

∞∑
n=0

n∏
i=0

Ui ,

U0 = 1, Ui =
g(Bi−1)

g(Bi)
− c
λ+ δ

g′(Bi−1)

g(Bi)
.

Optimal choice?

Thank you!
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Ex 1. Consider (X1, X2) a pair of rv’s modelling losses of an
insurance portfolio.
For the insurer, of interest is the total loss loss S = X1 +X2

and in particular its extreme characteristics, such as

P {S > u} , u being large

Ex 2. If X1 models some deflation/inflation factor, then

S = X1X2

is the deflated/inflated loss.
Of interest is for instance calculation of V aRα(S) for α large.
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Ex 3. Consider (X1, . . . , Xd) a d-dimensional RV modelling again
d losses of an insurance portfolio.
If X1:d ≤ X2:d ≤ · · · ≤ Xd:d are the order statistics, define

S = w1X1:d + · · ·+ wdXd:d

with wi’s some weights.
Reinsurance pricing requires modelling of S.

More generally for h: Rd → R a homogeneous function of order
α> 0, i.e., h(cx) = cαh(x) for all c > 0 and x ∈ Rd set

S = h(X1, . . . , Xd)

Interest on distribution & tail properties of S for d fixed.
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Ex 4. Typically, risks are dependent also between portfolios.
In that case joint survival of aggregated risk is of interest.

Specifically, if (Xi1, . . . , Xid), i ≤ m are m dependent
d-dimensional RV and Si denotes a chaos of ith portfolio,
of interest is

P {S1 > u, . . . , Sm > u} , u large
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Tractable Dependence Models

Few tractable dependence models:

1. jointly Gaussian (X1, . . . , Xd), tail of chaos dealt with in
H., Korshunov, Piterbarg ’15

2. independent risks and dependent random weights, for instance

S = W1X1 + · · ·+WdXd

2nd order asymptotics & various results available under
regular variation assumption.
Weibull-like tails for Xi’s is challenging, Asmussen et al. ’17

3. FGM & Sarmanov dependence, H. and Ratomovirija ’15

4. Elliptical/ Dirichlet-type dependence, H. ’16
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Weibull Distribution

For X≡Weibull(β), β > 0 we have pdf f(x) = βxβ−1e−x
β

and tail

F (x) = e−x
β
, x > 0.
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Consier X1, . . . , Xd iid Weibull risks.
Target is the formula

P {X1 + · · ·+Xd > u} ∼ SomeAsymptoticForm(u;β)

as u→∞.
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Asymptotics
If β ∈ (0, 1), then X is heavy-tailed.
By the principle of the single big jump

P {X1 + · · ·+Xd > u} ∼ dF (u), u→∞

For β = 1, then X ∼ Exponential(1) so

d∑
i=1

Xi = Erlang(d, 1)

If β > 1, then X is very light-tailed: so guess

P {X1 + · · ·+Xd > u} ?∼
(
F
(u
d

))d
, u→∞

Motivation Weibullian Risks Gaussian-like Risks LogN-Risks Random Scaling 10



Asymptotics
If β ∈ (0, 1), then X is heavy-tailed.
By the principle of the single big jump

P {X1 + · · ·+Xd > u} ∼ dF (u), u→∞

For β = 1, then X ∼ Exponential(1) so

d∑
i=1

Xi = Erlang(d, 1)

If β > 1, then X is very light-tailed: so guess

P {X1 + · · ·+Xd > u} ?∼
(
F
(u
d

))d
, u→∞

Motivation Weibullian Risks Gaussian-like Risks LogN-Risks Random Scaling 10



Asymptotics
If β ∈ (0, 1), then X is heavy-tailed.
By the principle of the single big jump

P {X1 + · · ·+Xd > u} ∼ dF (u), u→∞

For β = 1, then X ∼ Exponential(1) so

d∑
i=1

Xi = Erlang(d, 1)

If β > 1, then X is very light-tailed: so guess

P {X1 + · · ·+Xd > u} ?∼
(
F
(u
d

))d
, u→∞

Motivation Weibullian Risks Gaussian-like Risks LogN-Risks Random Scaling 10



Asmussen et al., ’17

If Xi’s are independent and

P {Xi > u} ∼ biuαe−u
β
, u→∞

then the tail of S = X1 + · · ·+Xd is given by

P {S > u} ∼ A
d∏
i=1

biu
B exp(−Cuβ) (1)

where A,B,C are known constants.
Remark: When Xi’s have a pdf, the tail asymptotics known from
Balkema-Klüpelberg-Resnick.
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Remarks

1. Aggregation of heavy-tailed risks is much better understood.
Results are often not difficult to guess, but difficult to prove.
Tractable models under multivariate regular variation, etc.

2. Aggregation of light-tailed risks is very little studied.
Asymptotics are difficult to guess and to prove.
Asmussen et al. ’17 consider independent Xi’s satisfying

P {Xi > u} ∼ γi(u) exp(−ψi(u)), u→∞

where ψi’s are non-negative, convex, C2 and γi’s some nice
functions

Motivation Weibullian Risks Gaussian-like Risks LogN-Risks Random Scaling 12



Aggregation of Normal Risks

Let (Z1, Z2) be N(0, 1) rv’s
and jointly Gaussian with correlation ρ ∈ (0, 1).
For ξ0, ξ1, ξ2 iid N(0, 1)

(Z1, Z2)
d
=
(√

ρξ0 +
√

1− ρξ1,
√
ρξ0 +

√
1− ρξ2

)
with

d
= meaning equality of df’s.

Aggregating we obtain

S = Z1 + Z2
d
= 2

√
ρξ0 +

√
1− ρξ1 +

√
1− ρξ2

d
=

√
2(1 + ρ)ξ0
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1− ρξ2

d
=

√
2(1 + ρ)ξ0
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Extremal Behaviour of S

For large u and ϕ the pdf of an N(0, 1) rv

P {S > u} = P
{
ξ0 > u/

√
2(1 + ρ)

}
∼ ϕ(u∗)

u∗

with u∗ = u/
√

2(1 + ρ). Since for any η > 0

P {S > u+ η}
P {S > u}

→ 0, u→∞ (2)

then clearly S has lighter tails than an exponential rv.

Motivation Weibullian Risks Gaussian-like Risks LogN-Risks Random Scaling 14



Gaussian-like Risks

If ξ̃i’s are independent and Gaussian-like
what can we say about the aggregated risk?

Simple case: For b1, b2 positive suppose that

P
{
ξ̃i > u

}
∼ biΨ(u), u→∞

for i = 0, 1, 2. If for positive ai’s

S̃ = a1ξ̃1 + a2
√

1− ρξ̃2

then by Embrechts, Hashorva, Mikosch ’14

P
{
S̃ > u

}
∼ b1b2P {S > u} , u→∞
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Remarks

• Marginal distributions being N(0, 1) is not essential
• For any η > 0 we have

P
{
ξ̃i > u+ η

}
P
{
ξ̃i > u

} → 0, u→∞ (3)

so ξ̃i’s have lighter tails than exponential rv’s.
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Step I: Linear Combinations of Independent Risks

If S1 = a1ξ1 + a2ξ2, S2 = a∗1ξ1 + a∗2ξ2 and ξi’s satisfy (3), i.e.,

P {ξi > u+ η}
P {ξi > u}

→ 0, u→∞

for any η > 0, then for ai, a
∗
i positive

P
{
S̃1 > u, S̃2 > u

}
∼ b1b2P {S1 > u, S2 > u} , u→∞ (4)

where S̃1, S̃2 are obtained by substituting ξi’s by ξ̃i’s such that

P
{
ξ̃i > u

}
∼ biP {ξi > u} , u→∞
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Step II: Laplace Approximation Method

The previous relatoin shows that we can take P
{
ξ̃i > u

}
to have a

pdf.
When the pdf’s have an exponential density behaviour the
calculations can be carried out by applying the Laplace method.

The above procedure allows in particular to convert results for
aggregation of Gaussian risks to the Gaussian like risks.
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Aggregation of Log-Normal Risks

Let S = X1 +X2 with Xi = eZi , i = 1, 2

(Z1, Z2)
d
=
(√

ρξ0 +
√

1− ρξ1,
√
ρξ0 +

√
1− ρξ2

)
Consequently

S
d
= e
√
ρξ0W, W := e

√
1−ρξ1 + e

√
1−ρξ2

By subexponentiality, we have

P {W > u} ∼ 2P
{
e
√
1−ρξ1 > u

}
=: 2P

{
W̃ > u

}
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Taking W̃ independent of ξ0 leads to

P {X1 +X2 > u} = P
{
e
√
ρξ0W > u

}
∼ 2P

{
e
√
ρξ0W̃ > u

}
∼ 2P

{
e
√
ρξ0+

√
1−ρξ1 > u

}
∼ 2P

{√
ρξ0 +

√
1− ρξ1 > lnu

}
= 2P {ξ0 > lnu}
= 2P {X1> u}

as u→∞. Case ρ ∈ (−1, 0) can be dealt with similarly.
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Gaussian Risks

X is a Gaussian rv (risk) with mean 0 and variance 1 if it has pdf

ϕ(x) =
1√
2π

exp(−x2/2), x ∈ R

A key distributional property is the stochastic representation

X
d
=OR

with O symmetric about 0 independent of R > 0, and

O2≡Beta(1/2, 1/2), R2≡Gamma(1, 1/2)

Recall how we simulate Gaussian risks!
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1-dim RSM

Nice properties of Gaussian risks relate to random scaling.
Due to the time-value of money random scaling is also a natural
feature of stochastic models in insurance & finance.

A simple random scaling model (RSM) for a risk R
is its discounted/inflated version X given by

X
d
=OR

with O independent of R.
Clearly, aggregation and random scaling are closely related!
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2-dim RSM

If (Z1, Z2) is a Gaussian RV with correlation ρ ∈ (−1, 1),
then we have the following stochastic representation

(Z1, Z2)
d
=
(
O1, ρO1 +

√
1− ρ2O2

)
R (5)

with R > 0 independent of (O1, O2) which is
uniformly distributed on the unit circle. Here again

O2
1

d
=O2

2≡Beta(1/2, 1/2) and R2≡Gamma(1, 1/2)
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Gaussian & Elliptical Chaos

If h is a homogeneous function of order α > 0, then h(Z1, Z2) is
called a Gaussian chaos of order α. We have

h(Z1, Z2)
d
= h(O1R, (ρO1 +

√
1− ρ2O2)R)

= Rαh(O1, ρO1 +
√

1− ρ2O2)

= RαV

with R and V independent.
For general R, the RV (Z1, Z2) is elliptically symmetric.
The elliptical chaos can be dealt with similarly, reducing the
problem to the product of two rv’s.
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Contraction Model

• Suppose that X
d
=OR with O ≥ 0 bounded.

• Assume O is regularly varying at (say) 1, i.e.,

lim
u→∞

P {O > 1− t/u}
P {O > 1− 1/u}

= tα, ∀t > 0

for some α ≥ 0.

A typical example is O being Beta distributed.
Remark: If α = 0, then O has a slowly varying tail.

Motivation Weibullian Risks Gaussian-like Risks LogN-Risks Random Scaling 25



Gumbel MDA for R

In the Gaussian case R (and also X) has df in the Gumbel MDA,
meaning

lim
u→∞

P {R > u+ x/w(u)}
P {R > u}

= exp(−x), x ∈ R (6)

with w(t) = t. If (6) holds for general R,
we shall again write R ∈ GMDA(w).

Examples of Gumbel MDA:
Log-normal, Gamma, but also df’s with finite upper endpoints.
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Tail Behaviour in Contraction Models

If R ∈ GMDA(w) independent of O, then H. 16

P {OR > u} ∼ Γ(α+ 1)P
{
O > 1− 1

uw(u)

}
P {R > u} (7)

Example: R has Weibullian tail with

P {R > u} ∼ uγ exp(−Lup), L, p > 0, γ ∈ R

then w(u) = pLup−1 and also OR has Weibullian tail.
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Product of Asymptotically Weibullian Risks

Let R1, R2 be independent such that for i = 1, 2

P {Ri > u} ∼ fi(u) exp(−Liupi) (8)

Suppose that f1, f2 are regularly varying functions at infinity.
In view of Debicki, Farkas, H. ’17

P {R1R2 > u} ∼ g(u) exp
(
−Bup1p2/(p1+p2)

)
as u→∞.
Example: R1 is a Gamma rv, R2 is contracted Gamma rv.
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Many thanks for your attention!
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 Part I:  Short Review: Statistical Divergences and their  
           Properties 
 

 

The notion of the distance is the cornerstone in mathematics. 

If  denotes a set, then a distance is a function �:  ×  → , which 

satisfies the following properties, 

(i) �(α, β) ≥ 0  with equality if and only if (iff) α = β 

(Non-Negativity and Identity of Indiscernibles) 

(ii)   �(α, β) = �(β, α)  (Symmetry) 

(iii)  �(α, β) ≤ �(α, γ) + �(β, γ)  (Triangular Inequality) 
 

for each, α, β, γ ∈ . 
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Divergence between Probability Distributions 
 

Let (X ,A ) be a measurable space and let ��, �� be two probability 

measures on it. Let � be a � −finite measure on (X ,A ), with �� ≪ � 

and �� ≪ � . Denote by �� ,  ��  the Radon-Nikodym derivatives �� =

���/�� and �� = ���/��.  

A broad family of quasi-distances or divergences between �� and 

�� has been defined by Csiszár (1963, 1967) and Ali & Silvey (1966): 

��(��, ��) = � � �
���

���
� ��� =

X

� ��(�)� �
��(�)

��(�)
� ��(�)

X

= ��(��, ��), 

where � is a real, convex function on [0, ∞ ) satisfying: 

�(�) → 0, as � → 0, 0� �
�

�
� = 0  and  0� �

�

�
� = � lim�→� (�(�)/�). 

These conditions ensure the existence of the above integral. 
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� −divergence ��(��, ��) is a statistical distance or a quasi-distance 

in the sense that it attains its minimum value if-f the underlined 

densities ��, �� coincide, that is: 

��(��, ��) ≥ �(1), with equality, if-f, ��(�) = ��(�), �.�., � ∈ X. 

��(��, ��) doesn’t obey, in general, the symmetry property and the 

triangular property. ��(��, ��) is not symmetric, but it can become a 

symmetric measure if we restrict to the convex functions (Csiszár, 

1967, Liese and Vajda, 1987),  

��(�) = �(�) + �� �
�

�
�, � > 0. 

In this case: 
��� (��, ��) = ��(��, ��) + ��(��, ��). 

Several statistical distances can be obtained from ��(��, ��)  for 

special choices of the convex function � (cf. Papaioannou (1987)).  

The most important of them are given in the sequel: 
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Measures of Divergence 
 

Kullback-Leibler (1951) 

� �(��, ��)

= � ��(�) ����
��(�)

��(�)
� ��(�)

X

 

Shannon entropy:      

 ���(��) = − ∑ ��� log���
�
�� � . 

Convex Function � 
 
 

�(�) = � ���� , � > 0 

�� −divergence  
Kagan (1963) 

� ��(��, ��)

= � ��(�) �� −
��(�)

��(�)
�

�

��(�)

X

 

In the discrete case it leads to Pearson’s 

(1900) chi-square statistic 

 

�(�) = (� − �)�, � > 0 

� − divergence of order �  
(� ≥ 1) 

Vajda (1973) 

 

� �� (��, ��)

= � ��(�) �� −
��(�)

��(�)
�

�

��(�)

X

,   

For � = 1 it leads to the total variation, 

introduced by Saks (1937) 

 
�(�) = |� − �|� , � > 0,  

� ≥ � 

Matusita Divergence 

 

� � (��, ��) = � �� ��(�) − � ��(�)�
�

��(�)

X

 �(�) = �|� − √�|�
�

, � > 0 
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Hellinger distance � (��, ��) =
�

�
� � (��, ��) =

�

�
� �� ��(�) − � ��(�)�

�

��(�)

X

 

Cressie and Read        
power � −divergence 

Cressie and Read (1984) 

� �(��, ��)

=
�

�(� + �)
� ��(�) �

��(�)

��(�)
�

�

��(�),

X
� ≠ �, −�. 

 

 lim
�→�

��(��, ��) = ��(��, ��)   

lim
�→� �

��(��, ��) = ��(��, ��) 

 
 

��(�) =

=
��� � − � − �(� − �)

�(� + �)
,   

 
� > 0, � ≠ 0, −1 

Rényi divergence 

Rényi (1961) 

 

� �,�(��, ��) =
�

� − �
�� � ��

�(�)��
�� �(�)��(�), � > 0, � ≠ 1

X

 

lim
�→�

��,� (��, ��) = ��(��, ��) = � ��(�)��
��(�)

��(�)
��(�)

X
 

 

f dissimilarity 

Gyorfi and Nemetz (1977) 

� (��, … , ��) = ∫ �(��(�), … , ��(�))��(�)
X

, 

where � is a real, convex, continuous and homogeneous function, 

�(���, … , ���) = ��(��, … , ��), defined on � = {(��, … , ��): 0 < �� < ∞ } 

Particular case: Affinity (Toussaint (1974)):         

                    �� (��, … , ��) = − ∫ ��
��(�) … ��

�� (�)��(�), �� > 0, ∑ ��
�
�� � = 1X . 
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Properties of Divergence 

Several desirable and intuitively clear properties are satisfied by 

the measures of divergence.  

Some of the properties have mathematical origins, some others have 

been motivated by numerous applications of the measures in several 

scientific areas, in several disciplines and contexts.  

Maximal Information:  Let �  is a random quantity and �(�) is a 

measurable transformation of �. Then, 

�(��, ��) ≥ �(��
�, ��

�), 
 

where ��
�, ��

�

 
are the densities of �(�),  subject to ��  

and �� , 

respectively. This property, intuitively speaking, states that: 

The amount of information contained in the original data �  for 

discriminating between ��  
and ��  is always greater than the similar 

amount which is included in a transformation of the data. 
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The only transformation which keeps invariant the amount of 

information for discrimination is that of a sufficient statistic. It is 

formulated in the next property. 

Invariant under Sufficient Transformations: 

� (��, ��) = � ���
�, ��

��, ��− �,    �(�) is sufficient. 
 
 

Other Properties: 

 Loss of Information due to Grouping / Discretization 

 Convexity 

 and many others (cf. Papaioannou, 1987, 2001). 
 

The most important property which ensure the application of 

� −divergence, as a measure of statistical distance, is related to the 

range of values of � −divergence ��(��, ��). 
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Range of values - Non negativity of � −divergence 

The range of values of Csiszár's  divergence is: 

�(1) ≤ ��(��, ��) = � ��(�)� �
��(�)

��(�)
� ��(�)

X

≤ �(0) + lim
�→�

�
�(�)

�
�. 

 The lower bound �(1) is achieved iff   ��(�) = ��(�), �.�., � ∈ X. 
 

 If �(0) + lim�→� �
�(�)

�
� < ∞ , then the upper bound is achieved (cf. 

Pardo (2006), p. 9) if and only if �� ∩ �� = ∅  (disjoint), where �� 

denotes the support of ��, with, �� = {� ∈ X: ��(�) > 0}, �= 1,2. 
 

 Based on Vajda (1989, p. 249, Theorem 9.1 and Remark), if 

�(0) + lim�→� �
�(�)

�
� = ∞ , and the respective to ��  

and ��  

probability measures ��  
and ��  are singular, ���� , then 

��(��, ��) = ∞ . 
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Part II:  Divergence in a Local Setting 
 

 

Csiszár’s and other measures of divergence express: the global 
statistical distance or divergence between two distributions, 
given that they are defined on the whole domain X . 

 
Figure 1: p.d.f and c.d.f of � (3.055, 0.752�) and � (2.733, 0.66�) 

       Theoretic models which describe two real data sets (birth weight of   
                       a baby depending on mothers’ smoking status during pregnacy) from    
                       Hosmer and Lemeshow (1989). Applied Logistic Regression. Wiley. 

    

The two distributions seem less divergent, one from the other, in 

the tails than in the center.  
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How to Define a Divergence Measure in a Local Setting? 
 

1st Way: Utilize the classic Csiszár’s divergence by integrating it over 

the desired subset � of X, instead of the entire space X.  
 

��
� (��, ��) = � �� (�)��(�)� �

��(�)

��(�)
� ��(�),   �X. 

 

Lemma (Csiszár, 1967), 

��
� (��, ��) ≥ �� �� (�)��(�)��(�)� � �

∫ �� (�)��(�)��(�)

∫ �� (�)��(�)��(�)
� > −∞ , 

with equality if and only if �� = ����,  with �� = � �
∫ �� (�)��(�)��(�)

∫ �� (�)��(�)��(�)
�. 

 

Hence, the basic assumption: ��
� (��, ��) = 0  if-f �� = �� is violated. 
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2nd Way: A second way to define divergence in a local setting is 

maybe achieved by the replacement of the initial probability 

distributions ��  and �� , in the expression of ��(��, ��) , by the 

respective truncated distributions, over the desired subset � of X:  

��
� (��, ��) = � �

2
�(�)� �

�
1
�(�)

�
2
�(�)

� ��(�)

A

, �
�
� =

�
�

∫ �
�
��

A

, �= 1,2, �X. 

 

However, this approach is based on divergence between the 

truncated models, which are not necessarily the proper models 

to use to describe the initial data under consideration.  
 

Consequently, a measure of divergence should be defined that helps 

overcome these problems and in addition provide an indication about 

the similarity of the two probability distributions in a subset of their 

joint domain. 
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D e f i n i t i o n 

Motivated by Csiszár's � − divergence, a measure of local 

divergence between two probability measures � and �, or between 

the respective Radon-Nikodym derivatives � and �, can be defined 

by means of Csiszár's � −divergence, 

��(�, �) = � � �
��

��
� �� =

X

� �(�)� �
�(�)

�(�)
� ��(�)

X

. 

 

�(∙, �) 
if an additional function, say �(∙, �), would be inserted into Csiszár's 

� −divergence in order to shift the mass of the integral in the 

desired subset of X. Then a measure of divergence between �  

and � , in a local setting, can be defined as follows:  
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��
�(�, �) = � �(�, �)� �

��

��
� �� =

X

� �(�, �)�(�)� �
�(�)

�(�)
� ��(�)

X

. 

 The kernel �(∙, �), weighs differently the distance between � and 

� (or � and �) providing the ability to focus on specific areas of 

the domain X that may be of particular interest.  

 In practice, the kernel �(∙,∙),  can be thought of as a window that 

can be calibrated to highlight specific features of �  and �  and 

how they differ. 

In what follows, we can think of the kernel �(∙, �), as a Radon-

Nikodym derivative  
��

��
  of a probability measure � , on the same 

measurable space ( , )X A .  

That is, we can think of the kernel function �(�, �) =
��

��
,  � ≪ �, � a 

σ-finite measure on ( , )X A . In this context, the definition of the � − 

divergence, in a local setting, is formulated as follows. 
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Definition: Let � , �  and �  three probability measures on the 

measurable space ( , )X A , dominated by a � −finite measure �  on 

( , )X A . Let � , �  and �  denote the respective Radon-Nikodym 

derivatives � =
��

��
,  � =

��

��
 and � =

��

��
 and �  be a strictly convex 

function at 1, belonging to the class of convex functions Φ , with 

Φ = ��:  �(1) = ��(1) = 0, 0� �
0

0
� = 0, 0� �

�

0
� = � lim

�→�
�

�(�)

�
��. 

Then, the local � −divergence between �  and � , driven by � , 

that is, the � −divergence in a local setting, is defined by 

 

��
�(�, �) = �

��

��
� �

��

��
� �� =

X

� �(�)�(�)� �
�(�)

�(�)
� ��(�)

X

. 
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Remark 1: The definition can be modified in such a way so as to be 

applied in a parametric family of probability measures.  

Consider the measurable space ( , )X A  and let {��: � ∈ Θ ⊆ �� } be a 

parametric family of probability measures on ( , )X A . Let � be a σ-

finite measure on the same measurable space, such that �� ≪ �, for 

� ∈ Θ . Denote by �� = ���/��  the Radon-Nikodym derivative, and 

consider a convex function � ∈ Φ .  
 

Further, consider a probability measure ��, on ( , )X A , and �� ≪ �, 

with Radon-Nikodym derivative ℎ� = ���/��, � ∈ Θ∗ ⊆ ��, � ≥ 1.  
 

The � −divergence, in a local setting, between two members of the 

class {��: � ∈ Θ ⊆ �� }, say ���
 and ���

, or between the respective 

Radon-Nikodym derivatives ���
 and ���

, with kernel the function ℎ�, 

is defined as follows, 
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��
�(�, �) = �

���

��
� �

����

����

� ����
=

X

� ℎ�(�)���
(�)� �

���
(�)

���
(�)

� ��(�)

X

. 

 The local � − divergence can be thought as a measure of 

divergence between ���
 and ���

, and it is governed (driven) by 

another density  ℎ�  that determines the weights and the area over 

which the divergence is calculated.  

 In the latter definition, ��  depends on a parameter �  that drives the 

window over which the integral is computed.  

 Calculation of ��
�(�, �) is accomplished easier when the driving 

measure ��  or the corresponding density ℎ�  is in the same 

parametric family of probability measures {��: � ∈ Θ ⊆ �� }, but that 

need not be the case in practice. In practice, ℎ� can be chosen in 

such a way in order to smooth or exemplify certain features of 

the area over which the integral is calculated. 
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Remark 2: If X is finite (or countable), X= {1,2, … , �}, and �, � and 

�  are represented by the discrete probability distributions � =

(��, … , ��), � = (��, … , ��) and � = (��, … , ��), respectively, then the 

� −divergence, in a local setting, between � and �, driven by �, is 

defined, by 

��
�(�, �) = � ����� �

��

��
� .

�

�� �

 

This last measure is known in the literature as the weighted 

� −divergence and it has been studied, in a different context, in the 

papers by Landaburu and Pardo (2000, 2003), Landaburu et al. 

(2005), among many others. 

Remark 3: (ℎ, �) −divergence, in a local setting, can be obtained by 
a quite similar argument as that of Pardo (2006, p. 8). More 
precisely, if ℎ is a differentiable increasing real function, then the 
(ℎ, �) −divergence, in a local setting, is defined by  
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��,�
� (�, �) = ℎ ���

�(�, �)� = ℎ � �
���

��
� �

����

����

� ����

X

�. 

This last measure allows to define more general measures of local 

divergence, for several choices of the functions ℎ and �. Especially, 

it allows to obtain Rényi's divergence, in a local setting. 

 

Remark 4: In general, classic Csiszár’s divergence is not 

obtained from � �
� (�, � ) , unless �  is, for example, a uniform 

measure over X. In this case ��
�(�, �) is a multiple of ��(�, �).  

Notice that: 

��
�(�, �) = ��(�, �), when      �� �(1 − �(�))� �

�(�)

�(�)
��= 0. 
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E x a m p l e s 

The � −divergence, in a local setting, defined by  

��
�(�, �) = � �(�)�(�)� �

�(�)

�(�)
� ��(�) = � ℎ�(�)���

(�)� �
���

(�)

���
(�)

� ��(�)

XX

 

is quite similar to the classic � −divergence  defined by 

��(�, �) = � �(�)� �
�(�)

�(�)
� ��(�) = � ���

(�)� �
���

(�)

���
(�)

� ��(�).

XX

 

The only difference is the additional distribution function ℎ�  which 

enters into the expression of the classic Csiszár's � −divergence and 

in particular the additional parameter � ∈ Θ.  

The role of the parameter �  is decisive in the above definition, 

and this role is  investigated in the following examples.  
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I. Normal Distributions with Normal kernel: Normal distributions 

will be used to investigate on how local � −divergence actually 

quantifies the divergence between two normal models in a 

subset of their joint domain. In this example, it is clarified the 

role of the parameter �  in the definition of � �
� . 

Consider the local power � −divergence, which is obtained from 

��
�(��, ��) = � ℎ�(�)���

(�)� �
���

(�)

���
(�)

� ��(�),

X

 

for �(�) = ��(�) =
��� �� �� �(�� �)

�(�� �)
, � ≠ 0, −1,  (Cressie and Read, 1984) 

Let:           ���
(�) the standard normal density, � (0,1), 

                      ���
(�) the normal density, � (0,2), and 

                 ℎ�(�) the normal density, � (�, ��), and � = (�, ��). 
 

The choice of � = 2/3 is considered ideal in many statistical applications 
of the classic Cressie and Read power divergence. 
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Figure 2: p.d.f. of � (0, 1) and � (0, 2) 

 
ℎ�, � = (�, ��) ���/�

� (��, ��) � ⊆ X ��,� 

� (0, 0.1) 0.0195 (−0.5, 0.5) 0.0199 
� (1, 0.1) 0.0040 (0.5, 1.5) 0.0037 
� (2, 0.1) 0.0115 (1.5, 2.5) 0.0116 
� (3, 0.1) 0.0120 (2.5, 3.5) 0.0121 
� (4, 0.1) 0.0033 (3.5, 4.5) 0.0032 
� (5, 0.1) 0.0004 (4.5, 5.5) 0.0004 
� (6, 0.1) 0.0000 (5.5, 6.5) 0.0000 

Global  � ��/�
(��, ��) = �.���� 

 

��,� = � ��(�)��2
(�)�2/3 ���1

(�)/��2
(�)� ��(�)

X

. 

-5 -4 -3 -2 -1 0 1 2 3 4 5
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y



- 23 - 
 

II. Skew-Normal Distributions with Normal kernel:  

Let ���
(�) the standard skew-normal with density 2�(�)� (���), �� = 2 

     ���
(�) the standard skew-normal with density 2�(�)� (���), �� = −1 

 ℎ�(�) the normal density, � (�, ��), and � = (�, ��). 

 
Figure 3: p.d.f of ���

(�) and ���
(�) 

Both examples clearly indicate that: the kernel density �� , and 

more specifically the parameter � , drives the window over which 

the integral is computed. 

-5 -4 -3 -2 -1 0 1 2 3 4 5

0.1

0.2

0.3

0.4

0.5

0.6

0.7

x

y
 

ℎ�, � = (�, ��) ���/�
� (��, ��) � ⊆ X  ��,� 

� (0, 0.1) 0.0878 (−0.5, 0.5) 0.0819 
� (1, 0.1) 0.7249 (0.5, 1.5) 0.7284 
� (2, 0.1) 1.0133 (1.5, 2.5) 1.0191 
� (3, 0.1) 0.6426 (2.5, 3.5) 0.6425 
� (4, 0.1) 0.2521 (3.5, 4.5) 0.2582 
� (5, 0.1) 0.0678 (4.5, 5.5) 0.0668 
� (6, 0.1) 0.0129 (5.5, 6.5) 0.0126 

� ��/�
(��, ��) = �.���� 

 



- 24 - 
 

Range of values of � �
� (�, � ) 

Let, 

��
�(�, �) = �

��

��
� �

��

��
� �� =

X

� �(�)�(�)� �
�(�)

�(�)
� ��(�)

X

, 

with � strictly convex at 1, and 

� ∈ Φ = ��:  �(1) = ��(1) = 0, 0� �
0

0
� = 0, 0� �

�

0
� = � lim

�→�
�

�(�)

�
��. 

 

It should be noted, that all convex functions �  that lead to 

important particular cases of Csiszár's � − divergences, like: 

Kullback and Leibler (1951) divergence, Kagan (1963) 

divergence, Vajda (1973) divergence, Cressie and Read (1984) 

� −power divergence, and much more, belong to the class Φ . 
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The next theorem investigates the range of values of ��
�(�, �) and 

it supports the application of ��
�(�, �) as a measure that expresses 

the divergence between � and �, driven by the kernel measure �. 

Theorem: (i) For � ∈ Φ , the local � −divergence ��
�(�, �) satisfies: 

0 ≤ ��
�(�, �) ≤ �(0)�� + �∗(0)��, 

with �� = ∫ �(�)�(�)��(�)
X

, �� = ∫ �(�)�(�)��(�)
X

 and �∗∈Φ , with 

�∗ the adjoint function defined by �∗(�) = �� �
�

�
�, � > 0.  

(ii)      � �
� (�, � ) = �  if and only if  � = � . 

(iii)  ��
�(�, �) = �(0)�� + �∗(0)��  if � ⊥ � , where ⊥ denotes 

singularity of probability measures. In addition, if �(0) + �∗(0) < ∞  

and ��
�(�, �) = �(0)�� + �∗(0)��, then  �⊥�. 
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� �
� (�, � ) and Exponential Family of Distributions 

Let, the Exponential Family of Distributions (EFD) 

��(�, �) = ���{���(�) − �(�) + � (�)}, � ∈ X, 

with natural parameters � ∈ Θ��, �(�) = ���(�), … , ��(�)�, � ∈ X. 

Proposition 1: Let ��(�, ��), �= 1,2, members of EFD and the kernel 

density ℎ�, defined on X, does not necessarily belong to EFD. 

If (� + 1)�� − ��� ∈ Θ, � ≠ 0, −1, then, 

���
� (��, ��) =

1

�(� + 1)
������� �,�

(�)(��, ��)����(�� �)��� ���
�ℎ�(�)� 

     �−(� + 1)���
�ℎ�(�)�+ ����

�ℎ�(�)��, 

with     � �,�
(�)(��, ��) =  ��(��) − (� + 1)�(��) + �((� + 1)�� − ���), 

and      ���
�ℎ�(�)� = ∫ ℎ�(�)��(�, ��)��(�), �= 1,2.X  
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Proposition 2: Let ��(�, ��), �= 1,2, be members of EFD and the 

kernel density ℎ� = ��(�, �), is also a member of EFD. If �� + � ∈ Θ, 

�= 1,2, and �� − ��� + � ∈ Θ for � ≠ 0, −1, then, 

���
� (��, ��) =

1

�(� + 1)
������� �,�

(�)(��, ��)����(�� �)��� ���� �(exp (� (�))) 

−(� + 1)���(�(�� + �) − �(��) − �(�)) × ���� �(exp (� (�))) 

�        +����(�(�� + �) − �(��) − �(�)) × ���� �(exp (� (�)))�, 

with 

� �,�
(�)(��, ��, �) =  ��(��) − (� + 1)�(��) − �(�) + ��(� + 1)�� − ��� + ��, 

���� �(exp (� (�))) = ∫ �exp�� (�)����(�, �� + �)��(�), �= 1,2X , 

�(�� �)��� ���� �(exp (� (�))) = ∫ �exp�� (�)����(�, (� + 1)�� − ��� + �)��(�)X . 

Remark: Expressions of local �� −divergence between multivariate 

normal distributions have been also obtained (Avlogiaris et al. (2016a)). 
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Part III: Applications of Local Divergences in Testing   
 

     Statistical Hypotheses in a Local Setting 
 

 

Divergence measures have been applied in several disciplines and 

contexts in testing statistical hypotheses. The monograph by 

Pardo (2006) is an excellent source of knowledge in this subject.  

In the rest of the talk:  the local � −divergence will be used to 
to develop statistical tests for testing  
hypotheses, in a local  setting. 

 

The two samples problem will be presented in a full detail. 
 

The one sample problem with simple or composite null 
hypotheses has been also studied (cf. Avlogiaris, Micheas and 
Zografos, 2016b) and it will be briefly presented. 
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A Procedure to Develop a Test for testing � �: �� = �� 
 

Let, independent random samples, say, 

��, … , ��  from population ���
 and ��, … , ��  from population ���

. 

In this setting, it is always of interest to test the hypothesis of 
homogeneity of two populations, 

��: �� = ��, 

that is to decide if the samples arise from the same population. 

Let a divergence measure, say  divergence, between ���
 and ���

,  
 

������
, ���

� = � ���
(�)� �

���
(�)

���
(�)

� ��(�). 

 

Small values of ������
, ���

� are in favor of ��: �� = ��.  

So, ������
, ���

� can serve as a test statistic for testing ��: �� = ��. 
 

But, � �����
, ���

� is still unknown and it should be estimated. 
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Denote by ��� and ��� the MLE of �� and ��, respectively, based on 

the samples ��, … , ��  from population ���
 and ��, … , ��  from 

population ���
. Then, an estimator of  

������
, ���

� = � ���
(�)� �

���
(�)

���
(�)

� ��(�)

X

, 

is 

�������
, ����

� = � ����
(�)� �

����
(�)

����
(�)

� ��(�)

X

. 

Small values of �������
, ����

� are in favor of ��: �� = ��, while large 

values of �������
, ����

�, support the rejection of ��: �� = ��. 

However: a test based on � ������
, ����

� operates on the whole 

domain of ���
 and ���

, and cannot assess homogeneity of ���
 

and ���
 in some particular area of their joint domain.  
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Question:  Is there any interest to develop a test for testing    
                    ��: �� = �� in particular areas of the joint domain? 

                                                                                      
 

It is clear that the two distributions are dissimilar to one another 
in an area of their joint domain, although they coincide in the 
tails of their joint domain or in some other areas. 
 

Hence: If we apply a test of overall homogeneity, based on the 
classic global � −divergence ������

, ���
�, it will probably reject the 

null hypothesis of homogeneity ��: �� = �� in the whole domain, 
despite it would be maybe valid in the tails.  

0 1 2 3 4 5 6
0.0

0.1

0.2

0.3

0.4

0.5

0.6

0.7

x

yAs an example, let us consider 

the density functions which are 

associated to two independent 

real data sets, related to the birth 

weight of a baby depending on 

mothers’ smoking status during 

pregnancy.  

(Hosmer and Lemeshow, 1989). 
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Motivated by this example, it seems appealing to develop a way that 

scans the whole domain X  and investigates the validity of  

��: �� = ��, (or ��: �
�1

= �
�2

) in some areas of X .  

 

This can be achieved by using a divergence measure between the 

empirical models ���
 and ���

, that concentrates on the area over 

which the divergence is calculated, that is to use local � −divergence  

with an appropriate choice of the driving kernel density ℎ�. 
 

��
�(�, �) = � ℎ�(�)���

(�)� �
���

(�)

���
(�)

� ��(�)

X
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On testing hypotheses, locally, via local divergence:  
Two Samples Problem 

Let the measurable space (m.s.) ( , )X A  and {��: � ∈ Θ ⊆ �� } be a 

parametric family of probability measures on ( , )X A . Let also a 

measure ��, � ∈ Θ∗ ⊆ ��. Let � be a � −finite measure on the same 
space, such that �� ≪ �, for � ∈ Θ. For �� ∈ Θ and � ∈ Θ∗, with � to 
be known, let ���

≪ � , �� ≪ �  and ���
= ����

/�� , ℎ� = ���/��  be 

the respective Radon-Nikodym derivative, for �= 1,2. Let a function �, 
belonging to the class of convex functions Φ .  
Suppose that the family {��: � ∈ � ⊆ � � } is identifiable, that is, for 
�, �∗ ∈ � ⊆ �� :  ��(�) = ��∗(�)  �.�.� ∈ X, ��− �, � = �∗. 
 

Let, independent random samples, say ��, … , ��  from ���
 and 

��, … , ��  from population ���
. It is of interest to test the hypothesis of 

homogeneity of two populations, 
��: �� = �� �or ���

= ���
�,  against   �� : �� ≠ ��, 

that is to decide if the samples arise from the same population. 
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In order to test the validity of � �: �� = ��, in some areas of X, 
that is to test the  
 

Local Hypothesis:  
 

��
� : �� = �� or ���

(�) = ���
(�), �.�., ���X ,   

 

a divergence measure between ����
 and ����

 can be used that 

concentrates on the area of interest.  
That is, the local  divergence test statistic can be used with an 

appropriate choice of the kernel density ℎ�: 

��
������

, ����
� = � ℎ�(�)����

(�)� �
����

(�)

����
(�)

� ��(�)

X

. 

 

Large values of ��
������

, ����
� support rejection of ��: �� = �� in the area 

of the joint domain, which is specified by a kernel density ℎ�. 

The (asymptotic) distribution of the statistics ��
������

, ����
�, under the 

null hypothesis of homogeneity, ��
� : �� = ��, is now in order. 
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Theorem: Under the null hypothesis, ��: �� = �� (or ���
= ���

) 

��,�,�
� ���1, ��2� =

2��  ��
� ��

��1
, �

��2
�

(� + �)���(1)
  

L

n
  � �

�
��

2,

�

�=1

 

where ��, … , ��, are i.i.d. standard normal random variables, 

� = ����(��(��)� ���
�(��)��(��)� �) 

and ��, … , ��  denote the non zero eigenvalues of the matrix 

��
� (��)��(��)� �, with ��(�) and ��

�(�) the Fisher and weighted-Fisher 

information matrices defined by: 

��(�) = � � ��(�)
�log��(�)

���

�log��(�)

���
��(�)

X

�

�,�� �,… ,�

 

��
�(�)  = � � ��(�)��(�)

�log��(�)

���

�log��(�)

���
��(�)

X

�

�,�� �,… ,�
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Remark: There are several proposals in the bibliography of the 

subject on how to use the above theorem in order to obtain the 

critical point of the test. 
 

The most effective maybe way is to use a Monte Carlo approach  in 

order obtain the critical point �� , as follows: 

 A random sample ��, … , ��  is generated from the null distribution, 
 

 The critical point ��  is chosen in such a way as to have 

1

�
� �(�� > �� ) ≅ �,

�

�� �

 

      for a given significance level �, where �(∙) denotes the indicator   

      function. 
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A short Simulation Study 

Type I error rate and the Power of a homogeneity tests is studied, 

in a local setting. 

The test statistic is based on the local, Cressie and Read (1984), 

� −power divergence, obtained from  

��
�����

, ���
� = � ℎ�(�)���

(�)� �
���

(�)

���
(�)

� ��(�)

X

 

for the following choice of the convex function �, 

�(�) = ��(�) =
1

�(� + 1)
���� � − � − �(� − 1)�, � ≠ 0, −1. 

The densities ���
, ���

 and ℎ�  are bivariate normal with specific 

parameters. Explicit expressions of ���

� ����
, ���

� for multivariate normal 

populations ���
, ���

 and normal kernel density ℎ� have been obtained. 
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Monte Carlo Study of Type-I error rate and Power  

Let bivariate random samples ��, … , ��  from ��(��, Σ�) and ��, … , ��  

from ��(��, Σ�). Let �� = (��, Σ�) and �� = (��, Σ�), 

with:  (��, Σ�) = ��1
2
�, �

5 −4
−4 5

��,  (��, Σ�) = ��1
2
�, �

5 −1
−1 5

�� 

We are interested in testing complete homogeneity, 

��: �1 = �2 = �∗,   �∗ = (�∗, Σ∗) = ��
1

2
� , �

5 −4
−4 5

�� . 

The test statistic is: 

��,�
� ���, ��� =

2����
� �����

, ����
�

��
��(1)

, ���
� �����

, ����
� = � ��(�)����

(�)�� �
����

����

� ��

X

 

with:         ����
~ � 2���1, Σ�1�, ����

~ � 2���2, Σ�2� 
 

ℎ�~ ��(��, Σ�)  with  � = (��, Σ�) = ��
1

2
� , �

1 0
0 1

��.  
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Table: Empirical Power for the two samples problem 

� = �  � = 2/3 � = 1 � = −0.5 � = 2 � = −2 

25 0.4207 0.4533 0.3769 0.5290 0.5409 

50 0.6870 0.6999 0.6844 0.7486 0.8317 

100 0.9613 0.9599 0.9717 0.9657 0.9926 

200 1 1 1 1 1 

500 1 1 1 1 1 

1000 1 1 1 1 1 

 

Notice that as the sample size increases, the power increases all 

the way to one as expected, regardless of the choice of � in the 

calculation of the local Cressie and Read � −power divergence. 
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Table: Type I error rate for the two samples problem 

� = �  � = 2/3 � = 1 � = −0.5 � = 2 � = −2 

25 0.1374 0.1553 0.1041 0.2071 0.1530 

50 0.0934 0.0983 0.0720 0.1347 0.0990 

100 0.0631 0.0683 0.0616 0.0882 0.0725 

200 0.0569 0.0579 0.0554 0.0695 0.0582 

500 0.0564 0.0549 0.0561 0.0627 0.0546 

1000 0.0485 0.0517 0.0536 0.0546 0.0513 

Notice that as the sample size increases, the type I error rate of 

� = �.�� is approximated well, given the value of the critical point 

�� = 0.2182 regardless of the choice of � in the calculation of the 

local, Cressie and Read � −power divergence. 
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A p p l i c a t i o n 

Consider real data sets on the birth weight (BWT) of babies, 

depending on their mothers' smoking status during pregnancy 

(Hosmer and Lemeshow, 1989). 

The data on BWT are considered as coming from two populations:   

    Population Π₁ of women who do not smoke during pregnancy.  

    Population Π₂ of women who smoke during pregnancy.  

We are interested in investigating any differences between the two 

populations of mothers, either globally or locally.  

Population Sample Size Normality Test  Sample Mean/Variance 

  K-S S-W  

�� � = 115 0.2  0.344 �� = 3.055, S� = 0.752� 

�� � = 74 0.2 0.410 �� = 2.773, S� = 0.660� 
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Table: Local � −divergence test of homogeneity of � � and � �. 

� = (�, σ�) ���/�,�,�
�  �0.05 Decision 

(0, 0.2�) 0.0691 1.3843 Accept homogeneity 
(1.5, 0.2�) 0.5646 2.1745 Accept homogeneity 
(2.7, 0.2�) 1.1810 0.8869 Reject homogeneity 
(4.5, 0.2�) 7.2151 2.1979 Reject homogeneity 
Global:   ���/�,�,� =13.158 5.9910 Reject homogeneity 

� = �.��� ��.��� = 1.973 Reject homogeneity 
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The hypothesis of homogeneity of two populations Π₁ and Π₂ is globally 

rejected, at a level α=0.05.  

In contrast, the same hypothesis can’t be rejected at a level α=0.05, if the 

parameter of the kernel is chosen to highlight the lower tails of the densities, 

i.e � = (1.5, 0.2�), which implies that focusing on the specific area of the 

domain of observation (i.e., for babies born with weights less than about 

2.25kgrs), the two populations are not significantly different and therefore a 

mother's smoking status has no effect in the newborn's weight in this case.  

These results seem quite logical intuitively, since a mother's smoking status 

during pregnancy is only one of the potential factors on the baby's weight, 

with the latter being affected by many other factors, such as mother's dietary 

habits, possible medication during pregnancy, duration of pregnancy, etc. 



- 43 - 
 

One Sample Problem 

Let the measurable space ( , )X A  and {��: � ∈ Θ ⊆ �� }  be a 

parametric family of probability measures on ( , )X A . Let �  be a 

� −finite measure on the same measurable space, such that �� ≪ �, 

for � ∈ Θ . Denote by �� = ���/��  the Radon-Nikodym derivative, 

and consider a convex function � belonging to the class of convex 

functions Φ .  
 

Suppose that the family {��: � ∈ � ⊆ � � } is identifiable, in the 

sense that for �, �∗ ∈ � ⊆ � � : 

��(�) = ��∗(�)  �.�.� ∈ X, if and only if,  � = �∗. 

 

Further, consider a probability measure �� ≪ � , � ∈ Θ∗ ⊆ �� , on 

( , )X A , with Radon-Nikodym derivative ℎ� = ���/��, for � ∈ Θ∗.  
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In such a statistical framework and on the basis of a random sample 

��, … , ��  from �� , it is of interest to develop a test for testing the null 

hypothesis 

��: � = �� (or �� = ���
), �� ∈ Θ and ��  is known. 

This problem has been extensively studied in statistics and a family 

of tests for testing �� via � −divergences is presented in Chapter 9 

of Pardo (2006) and the references therein. A family of 

� −divergence test statistics for testing ��: � = ��, is given by 

�� ��
��

, �
�0

� = � �
�0

(�)� �
���(�)

�
�0

(�)
� ��(�)

X

, 

with �� being an estimator of �.  

Small values of � � ��
��

, �
��

� are in favour of � � while large values 

of � � ��
��

, �
��

� recommend rejection of � �.  
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This procedure leads to a global goodness-of-fit test.  

However, the conclusion of this test may not be valid in some subset 

of the domain X . Therefore, it is of interest to develop a 

procedure that allows us to scan the whole domain X  and 

investigate the validity of � �: � = �� . This can be achieved by 

using a distance or divergence type measure between the 

empirical model ��� and the null model ���
 that concentrates on 

the area over which the divergence is calculated.  

A suitable divergence measure that meets these requirements is the 

local � −divergence and in the one sample problem it is specialized 

as follows 

��
� ��

�
, �

�0
� = � ℎ�(�)�

�0
(�)� �

��(�)

�
�0

(�)
� ��(�)

X

. 
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Taking into account that ��
� ��

�
, �

�0
� = 0 if and only if �� = ���

, it is 

now clear that small values of � �
� ��

��
, �

��
�  are in favour of 

� �: � = �� , while large values of � �
� ��

��
, �

��
�  recommend 

rejection of � �: � = ��  in the sub-domain of X , defined by the 

driving weights ��  which affect the main mass of the integral  

��
� ��

��
, �

�0
� = � ℎ�(�)�

�0
(�)� �

���(�)

�
�0

(�)
� ��(�)

X

. 

    Based on the above discussion, in order to develop a local test for 

testing the null hypothesis ��: � = ��, it is necessary to investigate 

the distribution of the estimated local divergence 

��
� ��

��
, �

�0
� = � ℎ�(�)�

�0
(�)� �

���(�)

�
�0

(�)
� ��(�)

X

. 
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Theorem: Assume that the standard regularity conditions of 

asymptotic statistics are valid. Under the null hypothesis, ��: � = ��, 

��,�
� ���, �0� =

2���
� ��

��
, �

�0
�

���(1)
  

L

n
  � �

�
��

2,

�

�=1

 

where ��, … , ��, are i.i.d. standard normal random variables, 

� = ����(��(��)� ���
�(��)��(��)� �) 

and ��, … , ��  denote the non zero eigenvalues of the matrix 

��
�(��)��(��)� �, with ��(�) and ��

�(�) the Fisher and weighted-Fisher 

information matrices defined by: 

��(�) = � � ��(�)
�log��(�)

���

�log��(�)

���
��(�)

X

�

�,�� �,… ,�

 

��
�(�)  = � � ��(�)��(�)

�log��(�)

���

�log��(�)

���
��(�)

X

�

�,�� �,… ,�
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The Wald test statistic and the Rao test statistic are also used for 

testing ��: � = �� in the classic setting.  

Wald and Rao statistics are extended in a local setting as follows: 

 

Wald test statistic:  ��
� = �(�� − ��)���

�(��) (�� − ��) 

and 

��� ���������:   ��
� =

1

�
��

�(��)��
�(��)� � ��(��), 

with 

��(��) = ��
�log��(��)

���

�

�� �

, … , �
�log��(��)

���

�

�� �

 �

�� ��

�

. 

    The following theorem investigates the asymptotic distribution of 

the local versions of the Wald and Rao test statistics for testing the 

null hypothesis ��: � = ��. 
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Theorem: Assume that the standard regularity conditions of 

asymptotic statistics are valid. Under the null hypothesis,  

��: � = ��,  and for given  � ∈ Θ, 

��
� = �(�� − ��)���

�(��) (�� − ��)  
L

n
  � ����

�,

�

�� �

 

where ��, … , ��, are i.i.d. standard normal random variables, 

� = ����(��(��)� ���
�(��)��(��)� �) 

and ��, … , ��, the non zero eigenvalues of the matrix ��
�(��)��(��)� �. 

Moreover, 

��
� =

1

�
��

�(��)��
�(��)� � ��(��)  

L

n
  � ����

�,

�

�� �

 

� = ����(��(��)��
�(��)� ���(��)) 

and ��, … , ��, the non zero eigenvalues of the matrix ��
�(��)� ���(��). 
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Remark: The null hypothesis, 

��: � = ��,  against  �� : � ≠ ��, 

is rejected at a significance level � (0 < � < 1), when 

��,�
� ���, �0� =

2���
� ��

��
, �

�0
�

���(1)
> �� , 

where the critical point ��  is obtained from the probability of type-I 

error, 

����,�
� ���, �0� > �� � = �. 

by using a Monte Carlo approach. 

 

The final result in the one sample problem studies the asymptotic 
distribution of the local � −divergence statistic ��,�

� ���, �0� subject to a 

local alternative hypothesis.  



- 51 - 
 

Theorem: Under the alternative hypothesis,   � �,�: �� = �� + �/√�,   

��,�
� ���, �0� =

2���
� ��

��
, �

�0
�

���(1)
  

L

n
  � �

�
(��+ ��)

2 + �,

�

�=1

 

where � ∈ ��  such that �� ∈ Θ ⊆ �� , ��, … , ��, are i.i.d. � (0,1)  

� = ����(��(��)� ���
�(��)��(��)� �) 

and ��, … , �� the non zero eigenvalues of the matrix ��
�(��)��(��)� �. 

Moreover,  

� = ����(��)� − ����,    � = �� �������(��)�, � = ����(��, … , ��), 

� an arbitrary root of ��(��)� � and �  the matrix of the eigenvectors of  

����(��)�. 

Remark: Similar tests for composite null hypotheses, using local 

� −divergence and Wald statistic, in a local setting, have been  derived 

(cf Avlogiaris, Micheas and Zografos, 2016b). 
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Monte Carlo Study of Type-I error rates and power of 

the goodness-of-fit test, in a local setting 

Let a bivariate random sample ��, … , ��  from ��(�, Σ). Let � = (�, Σ). 

We are interested in testing, 

��: � = ��,   �� = (��, Σ�) = ��
1

2
� , �

1 −1
−1 4

�� . 

The test statistic is: 

��,�
� ���, ��� =

2���
�����, ���

�

���(1)
, ���

� ����, ���
� = � ��(�)���

(�)�� �
���(�)

���
(�)

� ��

X

 

with: 

���~ ����̂, Σ��, �̂ = X�, Σ� =
1

n − 1
 � (�� − ��)(�� − ��)�

�

�� �
 

 

���
~ ��(��, Σ�) ��� ℎ�~ ��(��, Σ�)  ���ℎ  (��, Σ�) = ��

1

2
� , �

1 0
0 1

��  
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Table: Empirical Power for the one sample problem 

� � = 2/3 � = 1 � = −0.5 � = 2 � = −2 

25 0.1179 0.1432 0.0972 0.2566 0.1438 

50 0.1526 0.1784 0.1130 0.3048 0.1331 

100 0.3401 0.3698 0.2600 0.4838 0.2370 

200 0.7292 0.7511 0.6594 0.8066 0.5944 

500 0.9977 0.9981 0.9962 0.9986 0.9933 

1000 1 1 1 1 1 

 

Notice that as the sample size increases, the power increases all 

the way to one as expected, regardless of the choice of � in the 

calculation of the local, Cressie and Read � −power divergence. 
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Table: Type I error rates for the one sample problem 

� � = 2/3 � = 1 � = −0.5 � = 2 � = −2 

25 0.1141 0.1215 0.1245 0.1453 0.1924 

50 0.0799 0.0843 0.0826 0.0977 0.1250 

100 0.0621 0.0675 0.0705 0.0766 0.0802 

200 0.0606 0.0602 0.0608 0.0590 0.0677 

500 0.0509 0.0534 0.0479 0.0553 0.0573 

1000 0.0488 0.0507 0.0496 0.0518 0.0569 

Notice that as the sample size increases, the type I error rate of 

� = �.�� is approximated well, given the value of the critical point 

�� = 0.2182 regardless of the choice of � in the calculation of the 

local, Cressie and Read � −power divergence. 
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A p p l i c a t i o n  

Consider a dataset concerned with survival times, in years, of 

patients from the time of diagnosis of Carcinoma of the Oropharynx 

(cancer of the throat) (cf. Kalbfleisch and Prentice, 1980).  
 

Next Table presents a standard goodness of fit test for an 

exponential distribution along with the sample mean of the data. 

Population Sample Size Exponential Model Test  Sample Mean 

 � Kolmogorov-Smirnov  

� 100 0.076 ( � −value) �� = 1.638 

 

The population model is a univariate exponential distribution with 
estimated mean, 

�� =
1

��
= 0.61. 
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Table: Local Rao, Wald and � −divergence tests to test goodness of 

fit of the data to the exponential model with parameter �� = 0.6. 

� = (�, ��) ��
� �0.05 ��

� �0.05 ���/�,�
�  �0.05 Decision 

(0, 0.1�) 0.0548 7.3738 0.0151 1.9627 0.0153 2.0012 Accept 

(0.5, 0.1�) 0.1286 17.300 0.0063 0.8227 0.0065 0.8530 Accept 

(1, 0.1�) 0.5201 69.943 0.0015 0.1954 0.0016 0.2110 Accept 

(2, 0.1�) 3.7412 503.13 0.0003 0.0340 0.0002 0.0293 Accept 

Global 0.0285 3.841 0.0285 3.841 0.0286 3.841 Accept 

 

Consider now the null hypothesis ��: � = 0.8 and the global and local 

tests for testing this hypothesis by using the ���/�,�
�  test statistic. 
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Table: Global and local tests for testing ��: � = 0.8   

� = (�, σ�) ���/�,�
�  �0.05 Decision 

(0, 0.1�) 3.9428 2.5484 Reject �� 
(0.5, 0.1�) 1.4591 0.7732 Reject �� 
(1.4, 0.1�) 0.0104 0.0194 Accept �� 
(4, 0.1�) 1.2139 0.6055 Reject �� 

���/�,� = �.���� 3.841 Reject �� 
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y Figure: Plot of exponential 

distibutions with parameters 

θ₀=0.8 (red) and θ=0.61 (blue) 

along with a normal kernel 

(black) ℎ� with parameter  

ω= (1.4,0.1²). 

For cancer patients with lifetimes of about 

1.1 to 1.7 years, one may even consider an 

exponential model with parameter 0.8 (or 

average lifetime of 1.25=1/0.8 years ) instead 

of the exponential model with parameter 

θ=0.61 (or an average lifetime of 1.64=1/0.61 

years), while in the whole domain (globally) 

the exponential model with parameter 0.8 

fails to describe the data well. 
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Conclusions 
     

The aim of the talk was threefold: 

 
 

 

Classic measures of Divergence introduced to formulate the “distance” or “similarity” between two 

probability distributions, globally, in the whole domain of the underlined distributions. So, classic 

divergences maybe fail to capture important local features of the difference between two probability 

distributions. This is the reason of introducing and studying the notion of local divergence in the first part 

of the talk. 

 

On the other hand, it is well known that in testing statistical hypotheses, the test statistic is a quantity that 

is computed over the whole domain of the data and is based on a divergence or discrepancy measure 

between the estimated model and the model that is specified by the null hypothesis. But, the divergence 

between the estimated and the null model may be considerably different in some areas of the 

domain of the data. This means that although a null model is accepted or rejected over the whole 

domain of the data by some test, the conclusion is quite different if the interest is focused on a 

specific area of the domain of the data. In this context, the second part of this talk was 

concentrated on procedures that help to test statistical hypotheses locally, by means of local 

divergences. 

   Review on Measures of Divergence  Review on measures of Divergence 

Develop test for testing Local Hypotheses  
via Local Divergences 

 Introduce measures of Local Divergence 
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Future Work – Work in Progress 
The local � − divergence has been initially defined 

��
�(�, �) = � �(�, �)�(�)� �

�(�)

�(�)
� ��(�)

X

. 

 The role of the kernel �(∙, �) is crucial: It weighs differently the distance 
between two densities � and �  providing the ability to focus on specific 
areas of the domain X that may be of particular interest.  

 In practice, we can think of the kernel �(∙, �) , as a Radon-Nikodym 

derivative  
��

��
  of an additional probability measure � , on the same 

measurable space.  
 In applications, the normal model ℎ�, � = (�, ��) , univariate or 

multivariate, was chosen as a kernel �(∙, �) . �  helps to move to the 
desired sub-domain and �� helps to broaden or shorten the desired sub-
domain. However, such a choice seems a little bit subjective. 

 
 

Question: Is there a parsimonious way to choose the “best” kernel �(∙, �)?  

Which should be the meaning of “best”? 
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Model Selection Criteria have been developed by means of classic divergences. 

All of them help to select the “best” model to describe the data among a set 

of candidate models. The available procedures choose the best model to fit the 

data in the whole domain. However, there is the possibility a candidate model 

to fit better the data in a particular area and a different one to fit better the 

data in another area. In this setting, model selection criteria would be 

developed that scan the whole domain and they help to choose the most 

appropriate model in each specific area. A mixture of the selected, in each 

area, models can maybe provide with a more realistic approximation of the 

model that drives the data in the whole domain. 

 

 

 

 



- 61 - 
 

R e f e r e n c e s 
 

Akaike, H., (1973). Information theory and an extension of the maximum likelihood principle. In: Petrov, 

B.N., Csaki, F. (Eds.), Proceeding of the second International Symposium on Information Theory. 

Akademiai Kaido, Budapest. 
 

Avlogiaris, G., Micheas, A. and Zografos, K. (2016a). On local divergences between two probability 

measures. Metrika, 79, 303-333. 
 

Avlogiaris, G., Micheas, A. and Zografos, K. (2016b). On testing local hypotheses via local divergence. 

Statistical Methodology, 31, 20-42. 
 

Avlogiaris, G., Micheas, A. and Zografos, K. (2017). A criterion for local model selection. (Submitted). 
 

Basu, A., Harris, I.R., Hjort, N.L., Jones, M.C., (1998). Robust and efficient estimation by minimizing a 

density power divergence. Biometrika, 85, 549-559. 
 

Burham, P. K. and  Anderson, R. D. (2003). Model Selection and Multimodel Inference. A Practical 

Information-Theoretic Approach, Second Edition, Springer 
 

Claeskens, G., Hjort, N. L., (2008). Model Selection and Model Averaging. Cambridge University Press. 
 

Csiszár, I. (1967). Information type measures of difference of probability distributions and indirect 

observations. Studia Scientarum Mathematicarum Hungarica, 2, 299-318. 
 

Ferentinos, K. and Papaioannou, T. (1971). New Parametric measures of Information. Information and 

Control, 51, 193-208. 
 



- 62 - 
 

Kullback, S. (1959). Information Theory and Statistics. Wiley. 
 

Mattheou, K., Lee, S. and Karagrigoriou, A. (2009). A model selection criterion based on the BHHJ 

measure of divergence. Journal of Statistical Planning and Inference, 139, 228-235. 
 

Micheas, A., (2014). Hierarchical Bayesian modeling of marked non-homogeneous Poisson processes 

with finite mixtures and inclusion of covariate information. Journal of Applied Statistics. 41, 2596-2615 
 

Papaioannou, T. (1987). Measures of information. Encyclopedia of Statistical Sciences, Vol. 5, 391-398. 
 

Papaioannou, T. (2001). On distances and measures of information: case of diversity. In: Probability and 

Statistical Models with Applications. Charalambides-Koutras-Balakdrishnan (eds.). Chapman & Hall/CRC. 
 

Pardo, L. (2006). Statistical Inference based on Divergence Measures. Chapman & Hall/CRC.  
 

Sen, P. K. and Singer, J. M. (1993). Large sample methods in statistics. Chapman & Hall. 
 

Serfling, R. J. (1980). Approximation theorems of mathematical statistics. Wiley. 
 

Vajda, I. (1989). Theory of statistical inference and information. Kluwer Academic Publishers. 
 

Vuong, QH., Wang, W. (1993). Minimum chi-square estimation and tests for model selection. Journal of 

Econometrics, 56, 141-168. 
 

Zografos, K. (1998). f-dissimilarity of several distribution in testing statistical hypotheses. Ann. Inst. 

Statist. Math., 50, 295-310. 

 

 



- 63 - 
 

 

 

 

 

 

Many Thanks for Your Attention 

 

 
 

 

 

 



- 64 - 
 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 



1. Preliminaries
2. Entropic estimation

3. Bayesian credibility for GLMs

Bayesian Credibility for GLMs

Jose Garrido

Department of Mathematics and Statistics
Concordia University, Montreal

and U. Carlos III of Madrid, Spain

Executive Seminar: Actuarial Science – Risk Measures
University of Piraeus, October 20, 2017

(joint work with Oscar Quijano, Concordia University,
Montreal)

Research funded by the Natural Sciences and Engineering Research
Council of Canada (NSERC) and Concordia University Montreal

Jose Garrido – Concordia University Bayesian Credibility for GLMs



1. Preliminaries
2. Entropic estimation

3. Bayesian credibility for GLMs

Abstract

We revisit the classical credibility results of Jewell (1974, AB)
and Bühlmann (1967, AB) to obtain credibility premiums for a
GLM severity model using a modern Bayesian approach.

Here prior distributions are chosen from out–of–sample
information, without restrictions to be conjugate to the
severity distribution.

Then we use the relative entropy between the “true” and the
estimated models as a loss function, without restricting
credibility premiums to be linear.

A numerical illustration on real data shows the feasibility of
the approach, now that computing power is cheap, and
simulations software readily available.
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Dedication

Dedicated to the memory of Bent Jørgensen (1954–2005);
a true scholar, a gentlemen and a great person.
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Overview:

1 1. Preliminaries
1.1 Exponential dispersion family
1.2 Relative entropy
1.3 Generalized linear models

2 2. Entropic estimation

3 3. Bayesian credibility for GLMs
3.1 Linear credibility for GLMs

3.1.1 Type 1 linear credibility is impossible
3.1.2 Type 2 linear credibility is sometimes possible

3.2 Entropic credibility for GLMs
3.2.1 Estimation of the mean
3.2.2 Estimation of the dispersion parameter

3.3 Numerical illustrations
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Introduction

Bühlmann (1967, AB) proposed a Bayesian derivation to linear
credibility premiums:

z Ȳ + (1− z) x0,

where

Ȳ is a risk class sample average of claims,

x0 is a manual premium based on out–of–sample data,

z is a credibility weight that gives more relative
importance to in–sample or out–of–sample data.

Jose Garrido – Concordia University Bayesian Credibility for GLMs
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Hans Bühlmann at ETH

Figure: https://people.math.ethz.ch/~hbuhl/
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Bayesian premiums

The Bayesian justification was a follows:

θ is a latent unobservable variable (risk parameter) that
affects the claim severity distribution,

given θ, the y1, . . . , yn are conditionally iid claim severities
with known conditional distribution FY |θ,

the class mean µ(θ) = E(Yr |θ) = E(Ys |θ) and class
variance σ2(θ) = V(Yr |θ) = V(Ys |θ), for r , s = 1, . . . , n,

E(Y 2
r ) is finite,

the prior distribution πn0,x0(θ) is known.

Jose Garrido – Concordia University Bayesian Credibility for GLMs
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Exact Bayesian premiums

The Bayesian solution that minimizes the quadratic loss:

E
{[

µ(θ)− g(Y1, . . . , Yn)
]2}

,

where the expectation is taken over the joint distribution of
Y1, . . . , Yn and θ, is

g(Y1, . . . , Yn) = E
[
µ(θ)|Y1, . . . , Yn

]
,

it means the posterior mean (or Bayes rule).

For many combinations of the severity distribution FY |θ and
prior πn0,x0(θ), the posterior mean involves the calculation of
high–dimensional integrals. These non–linear premiums were
difficult if not impossible to calculate back in 1967.
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Linear approximations

So Bühlmann (1967, AB) also proposed a linear approximation
to the exact Bayesian premium by minimizing the expected
square loss error only among linear estimators of the form:

g(Y1, . . . , Yn) = c0 + c1 Y1 + · · ·+ cn Yn.

The solution is z Ȳ + (1− z) x0, where c0 = (1− z) x0,
ci = (n + φ n0)

−1, for all i = 1, . . . , n, then x0 = E(Y ) and
z = n/(n + φ n0), for φ n0 = E[σ2(θ)]/V[µ(θ)].

Although these premiums are not exact, they are linear, which
means that they were easy to compute.
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Exact credibility

To address the issue of accuracy, Jewell (1974, AB) showed
that linear credibility premiums are exact for the exponential
family; that is, if the claim severity Y distribution is in the
exponential dispersion family (EDF):

f (y |θ, φ) = a(y , φ) exp

(
1

φ
{yθ − κ(θ)}

)
,

and assuming that φ is known, if one uses the following
conjugate prior on θ:

πn0,x0(θ) ∝ exp
(
n0[x0θ − κ(θ)]

)
,

for some parameters n0 > 0 and x0,
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Exact credibility (. . . continued)

then Jewell showed that the posterior mean that minimizes the
general quadratic loss problem is given by

E
[
µ(θ)|y1, . . . , yn

]
=

φn0

φn0 + n
x0 +

n

φn0 + n
ȳ

= (1− z)x0 + zȳ ,

where ȳ = 1
n

∑n
i=1 yi and z = n

φn0+n
, as for Bühlmann’s.

So exact credibility occurs for severity distributions in the EDF.

Since the EDF is the basis for the error distribution in GLMs,
we try to answer here the research question: is it possible to
extend exact/linear credibility to GLM premiums?
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William Jewell (1932-2003)

Figure: http://www.berkeley.edu/news/media/releases/
2003/01/31_.html
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1.1 Exponential dispersion family (EDF)

The unit deviance function plays an important role in the
theory of GLMs; the model assessment of a GLM is through
hypothesis tests based on its asymptotic behaviour.

It also allows for the mean–value re–parameterization of the
EDF:

f (y |µ, φ) = c(y , φ) exp
{
− 1

2φ
d(y , µ)

}
,

where the deviance of a regular EDF is given by:

d(y , µ) = 2
[
y {κ̇−1(y)− κ̇−1(µ)} − κ

(
κ̇−1(y)

)
+ κ

(
κ̇−1(µ)

)]
,

and κ is the cumulant function of Y (for details see
Jørgensen, 1997, C&H).
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Risk aggregation

There is a useful property of reproductive EDFs (used for
continuous distributions) that allows for data aggregation.

The notation of Jørgensen (1997, C&H) is very convenient to
express this property: if Y has mean µ and EDF density as
above, it is denoted as Y ∼ ED(µ, φ/w).

The property is then as follows: if Y1, . . . , Yn are independent,
and Yi ∼ ED(µ, φ/wi), then

Ȳ =
w1Y1 + · · ·+ wnYn

w+
∼ ED(µ, φ/w+), w+ =

n∑
i=1

wi .
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1.2 Relative entropy

Instead of minimizing a quadratic loss, here we select optimal
credibility premiums that minimize a relative entropy criterion.

Let mi(x) be probability measures with dmi(x) = fi(x)ds(x)
for some density functions f1, f2 and some probability measure
s, with m1 ≡ m2 ≡ s.

Definition

The relative entropy of m2 from m1 is defined as

D(m1 ‖ m2) = Em1

[
log

(
f1(X )

f2(X )

)]
=

∫
log

(
f1(x)

f2(x)

)
dm1(x).
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This definition was introduced by Kullback and Leibler (1951,
AMS) and D(· ‖ ·) is often called the Kullback–Leibler
divergence.

We prefer the term relative entropy, because what they called
divergence between m1 and m2 was actually

D(m1 ‖ m2) + D(m2 ‖ m1).
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1.3 Generalized linear models (GLMs)

The family of GLMs is an extension of the linear regression
model (McCullagh & Nelder, 1989, C&H) that transforms the
mean response by a chosen link function.

The log–link is the most popular for insurance data, where the
linear predictor gets exponentiated to ensure that premiums
are positive and to preserve the multiplicative structure of the
variable relativities.

For claims modeling, the log–link is used to model both,
frequency and severity.
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GLMs: parameters

In GLMs, responses y1, . . . , yn are assumed to be independent
and linearly related to the predictor variables through a
non-linear link function as follows:

g
(
E[yi | xi ]

)
:= g(µi) =

p∑
j=0

βjxij ≡ ηi ,

where ηi =
∑p

j=0 βjxij is the linear predictor (x0j ≡ 1).

The true mean is given by taking the inverse transformation

µi = g−1(ηi).
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The exponential dispersion family (EDF)

The distribution of regression errors in the EDF is assumed to
be written as

f (y |θ, φ) = a(y , φ) exp

(
w

φ
{yθ − κ(θ)}

)
,

where φ has be replaced by φ/w with the introduction of a
weight w ≥ 0 so that the mean and variance can be expressed
as µ = κ′(θ) and σ2 = φκ′′(θ)/w , respectively.

In applications the weight w is known usually while the
dispersion parameter φ needs to be estimated.

Similarly the vector of explanatory variables, x = (x1, · · · , xp),
and the link function g are usually known, while the vector of
coefficients β = (β0, β1, · · · , βp) needs to be estimated.
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Risk classes

The portfolio can be divided into different classes according to
the values of the explanatory variables; we can group all the
observations that share the same values of the explanatory
variables x and aggregate as explained above.

Remark: Note that this grouping does not lead to a loss of
information to estimate the mean since Ȳ is a sufficient
statistic for θ in the EDF (but not for φ).
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Sample information

After aggregating, let m be the number of risk classes and
θ = (θ1, . . . , θm) a vector whose entries are the different
values of θ over all classes.

The sample density can be expressed as

f (y|θ, φ) = A(y, φ) exp

(
yTWθ − 1TWκ(θ)

φ

)
, y ∈ Rm,

where κ(θ) =
(
κ(θ1), . . . , κ(θm)

)
, W = diag(w1, . . . , wm),

with wi being the sum of all the weights in the i -th class,
1 = (1, . . . , 1) and A(y, φ) =

∏m
i=1 a(yi ,

wi

φ
).
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Minimization problem

Without getting into details it is useful to re–parameterize the
sample density in terms of the mean vector µ instead of θ:

f (y|µ, φ) = C (y, φ) exp

(
− 1

2φ
D(y, µ)

)
,

where C (y, φ) =
∏m

i=1 c(yi ,
φ
wi

) and

D(y, µ) =
m∑

i=1

wi d(yi , µi).

D is called the deviance of the model. It is the objective
function to be minimized.
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Deviance

Here are some of the properties of the deviance D:

Given a sample, finding the mle of θ is equivalent to
finding the value of β that minimizes the deviance.

D can be used to estimate the dispersion parameter
(although it is not the only method). The deviance
estimator of φ is given by

φ̂ =
D(y, µ̂)

n − p
.

The asymptotic distribution of D plays an important role
in model assessment and variable selection.

For further details about the use and properties of the
deviance we recommend Jørgensen (1992).
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2. Entropic estimation

A posterior distribution is more informative than a point
estimator, reflecting the uncertainty about the true parameter.

But to charge an insurance premium, we do need to define a
point estimator, to become the credibility premium.
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General loss/risk function

In Bayesian point estimation one first chooses a loss function
L(θ, θ1) representing the cost of estimating θ with θ1 instead
of the true value θ0.

Since θ0 is not known, we define a risk function as

R(θ) = E
[
L(θ0, θ)

]
,

where the expectation is taken with respect to the posterior
distribution of θ.

Then the point estimator θ̂ of θ0 is the θ that minimizes R:

θ̂ = argmin
θ

R(θ).
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Entropic loss/risk functions

The entropic estimator is the Bayesian point estimator when
the loss function L is the relative entropy D, between
distribution with the real parameter θ0 and the estimated one.

More precisely, the entropic loss function is defined as:

L(θ0, θ) = Eθ0

[
log

(
fθ0(X )

fθ(X )

)]
.

The corresponding entropic risk function is then defined as

R(θ) = E
[
log

(
fθ0(X )

fθ(X )

)]
:= Eπ

[
Eθ0

[
log

(
fθ0(X )

fθ(X )

)]]
,

where Eπ is the expectation taken with respect to the
posterior distribution of θ.
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General entropic estimators

Definition

The entropic estimator is defined as

θ̂ = argmin
θ

E
[
log

(
fθ0(X )

fθ(X )

)]
,

where the expectation is taken with respect to the posterior
distribution of θ.
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Entropic estimators for the EDF

Proposition

Let π(µ, φ) be a prior distribution for (µ, φ), the vector
y = (y1, . . . , yn) be a conditionally iid sample, given (µ, φ),
and π(µ, φ|y) the corresponding posterior. The entropic
estimator µ̂ of µ is then given by

µ̂ = E[Y ] = Eπ

[
Eµ,φ[Y ]

]
,

where Eπ and Eµ,φ represent the expectations with respect to
the posterior distribution and with respect to fixed values of
(µ, φ), respectively.
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In summary

This proposition shows that for univariate EDFs the posterior
mean not only minimizes the expected square error risk, but
also minimizes the posterior entropic risk.

The following sections show that this property does not
generalize to GLMs, due to the difference of dimension
between the response vector and the regression coefficients.

A direct consequence of the proposition is that Jewell’s
estimator for the EDF is an entropic estimator.
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3. Bayesian credibility for GLMs

3.1 Linear credibility for GLMs

Remember our research question: Is it possible to extend
Jewell’s exact/linear credibility result to GLMs?

More precisely: is there a prior on the regression coefficients β
that leads to a posterior mean given by a weighted average of
an out–of–sample estimate with the sample mean of a GLM?
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Two types of linear credibility for GLMs

There are 2 ways to interpret this question:
1 Type 1: All m dimensions in µ̂ are given the same

credibility weight:

µ̂c = z µ̂ + (1− z)M,

where µ̂ are the GLM mean estimators, M a vector of
out–of–sample “manual” premiums and z ∈ (0, 1) the
constant credibility factor.

2 Type 2: Coordinates have possibly different credibility
factors:

µ̂c = Z µ̂ + (I− Z )M,

where µ̂ and M are as above, but Z = diag(z1, . . . , zm),
where zi is the i -th class credibility weight and I the
identity matrix.
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3.1.1 Type 1 linear credibility is impossible

First note that Type 1 linear credibility is a special case of
Type 2; it is more restrictive.

After adapting Jewell’s prior to make it conjugate to the GLM
sample density, we show that (omitting details):

1 It does not lead to linear credibility, which is actually
impossible in this restrictive context with any prior.

2 No general analytic expression exists for µ, although this
might be possible for some special choices of π.

Thus numerical methods or MCMC are needed in order to the
posterior mean, which defeats the purpose of using a
conjugate prior.
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3.1.2 Type 2 linear credibility is sometimes possible

We need for the GLM a β̂c such that µ̂c = G−1(X β̂c), that is:

G−1(X β̂c) = Z µ̂ + (I− Z )M.

It turns out that in non–saturated models, that is
dim(β) < dim(µ), the existence of such a β̂c depends on the
observed sample.

We illustrate this with a simple example in dimension 2.
Here the portfolio is divided in only 2 classes using a binary
covariate with no intercept (otherwise we would have a
saturated model):

X =

(
0
1

)
and β̂c ∈ R.
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A toy example

Assuming a log–link function, we need β̂c such that

µ̂c = G−1(X β̂c) = G−1(0, β̂c) =
(
exp(0), exp(β̂c)

)
=

(
1, exp(β̂c)

)
.

Graphing this equation we see that the left–hand side takes
values only on the half upper side of the vertical line x = 1.

Imagine 2 scenarios; in Scenario 1, µ̂ = (0.5, 2) and
M = (2, 3), while in Scenario 2, µ̂ = (2, 3) and M = (4, 5).

The following figure shows the possible values of the left– and
right–hand side of the above equation for both scenarios.
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(a) Scenario 1 (b) Scenario 2

Figure: Values of the left– and right–hand side in both scenarios

The vertical line = µ̂c , the rectangle = Z µ̂ + (I− Z )M as
the diagonal entries of Z vary from 0 to 1.
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3.2 Entropic credibility for GLMs

Computing power is no longer scarce nor expensive, as when
Bühlmann and Jewell proposed their credibility premiums.

We propose here a modern, computational Bayesian approach
to credibility; an entropic estimator of the mean vector of a
GLM as the credibility premium.

An arbitrary prior π is assumed (not necessarily conjugate to
the EDF) with corresponding posterior distribution:

π(β, φ|y) ∝ f (y|β, φ) π(β, φ).
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3.2.1 Estimation of the mean: First good news

Proposition

The entropic estimator β∗ of the coefficients of a Bayesian
GLM are equal to the maximum likelihood estimator of a
frequentist GLM with the same covariates, response
distribution and weights, but with an observed response vector
equal to E[Y], the predictive posterior mean.

Corollary

If β∗ is the entropic estimator of the coefficients of a Bayesian
GLM, then the entropic premium is given by

µ∗ = G−1(Xβ∗).
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3.2.2 Estimation of the dispersion parameter

The entropic credibility estimator also takes into consideration
the uncertainty of the dispersion parameter, because the
posterior distribution of β depends on the posterior of φ
(second good news).

This differs from classical credibility where the dispersion
parameter is considered known, as in Jewell (1974, AB) or
Diaconis and Ylvisaker (1979, AS).

We found only one article that considers a prior distribution
for the dispersion parameter: Landsman and Makov (1998,
SAJ, see our remarks about this article).
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No general procedure

We have not found a general procedure (all EDF/priors) to
obtain the entropic estimator of the dispersion parameter.

We present cases where an estimator can be found and the
difficulties in obtaining a general solution.

Note that a point–estimator for φ is not necessary to obtain
the credibility premium, as seen above, or its uncertainty,
measured by the posterior distribution.
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Proper dispersion model

A case worth mentioning where the estimation minimization
simplifies is when the response distribution is a proper
dispersion model (see Jorgensen, 1997, C&H, Chap. 5), that is
when c in the EDF density can be decomposed as

c(y , φ) = d(y) e(φ).

There are only three exponential dispersion models for which
this factorization holds: the gamma, inverse Gaussian and
normal distributions (see Jorgensen, 1997, C&H, Chap. 5 and
Daniels, 1980, Biometrika, for a proof). The following table
gives e is for these 3 models.
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Distribution normal gamma inverse Gaussian

e(φ) φ−1/2 e−1/φ

Γ( 1
φ
)φ1/φ

φ−1/2

Table: e(φ) for the three proper exponential dispersion families

In the general case, when this factorization does not hold,
Markov Chain Monte Carlo (MCMC) is used to simplify the
minimization problem of the entropic risk function.

Then the converge of the simulated solutions φ̃N to the true
φ∗, as N →∞, must be verified.

We do not yet have easy–to–check sufficient conditions to
guarantee convergence in all cases; a convergence theorem
that can be useful in some cases is given in the paper.
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3.3 Numerical illustrations

Algorithm for entropic credibility premiums:

1 Find E[Y] from the predictive posterior distribution.

2 Fit a frequentist GLM with the same covariates, response
distribution and weights, but with observed response
vector = E[Y]. This gives β∗, the entropic estimator of
the coefficients.

3 Find the entropic mean using µ∗ = G−1(Xβ∗).

Steps 2 and 3 are simple: can be done in R without major
problems (see R Core Team, 2017).

The difficult part is Step 1; one possible solution is MCMC.
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Remarks:

The greater the number of classes m, the more
computing is required, both in terms of memory and
CPU. It is very useful to first aggregate the data. This
can drastically reduce m.

Continuous variables can make data aggregation useless.
Converting their support into intervals transforms them
into categorical variables.

Bayesian methods are time consuming for variable
selection (running MCMC simulations for each
combination of variables). More practically, select
variables using a frequentist GLM (faster to fit). The
resulting variables then give the initial Bayesian model.
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A car insurance dataset

The R interface to STAN (see Stan Development Team, 2016)
was used to find entropic credibility estimators for the severity
model of the publicly available dataset that appears in de Jong
and Heller (2008).

It is based on 67,856 one–year policies from 2004 or 2005. It
can be down–loaded from the companion site of the book:
http://www.acst.mq.edu.au/GLMsforInsuranceData, as
the dataset called Car.

The following table gives the description of the variables
provided on the web–site.
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Variable name Description

veh value vehicle value, in $10,000s
exposure 0-1
clm occurrence of claim (0 = no, 1 = yes)
numclaims number of claims
claimcst0 claim amount (0 if no claim)
veh body vehicle body, coded as

BUS
CONVT = convertible
COUPE
HBACK = hatchback
HDTOP = hardtop
MCARA = motorized caravan
MIBUS = minibus
PANVN = panel van
RDSTR = roadster
SEDAN
STNWG = station wagon
TRUCK
UTE - utility

veh age age of vehicle: 1 (youngest), 2, 3, 4
gender gender of driver: M, F
area driver’s area of residence: A, B, C, D, E, F
agecat driver’s age category: 1 (youngest), 2, 3, 4, 5, 6

Table: Vehicle insurance variables
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Model fitting

We fit a GLM with gamma claim severity (claimcst0).

We modified two explanatory variables, dividing the
support of the continuous variable vehvalue into 3
intervals [0, 1.2), [1.2, 1.86) and [1.86,∞), which we label
as P1, P2 and P3, respectively.

The areas of residence A,B,C and D were also grouped
together, thus the variable area included in our model
takes three values: ABCD, E or F.

There is no out–of–sample information here; we use
non–informative priors for all the parameters: The β’s are
assumed to be iid uniform distribution on (−20, 20).

The dispersion parameter is assumed to follow a uniform
distribution on (0, 1000), independently from the betas.
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Model fitting (. . . continued)

After aggregating the data, the number of observations
reduced from 67, 856 policies to 101 classes.

The following table shows the information used for the
Bayesian severity GLM. The value between parenthesis on
the right of each explanatory variable corresponds to the
reference category used in the model.
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Model information MCMC information

Response distribution gamma No. of chains 3
Weight variable numclaims Warmup period 2, 000

Covariates agecat(1)
gender(F) Simulations kept 28, 000
area(ABCD) (per chain)
veh value(P1)

Prior betas are iid
U(−20, 20) and
φ ∼ U(0, 1000)

Table: Severity model
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Model fitting (. . . continued)

In order to find the entropic estimator for the β’s, it is
first necessary to find the posterior mean E[Y] with
MCMC.

For this example the simulations on STAN took about 50
seconds, counting compilation time, on three 2.67GHz
processors.

After, the entropic β’s are found by fitting a frequentist
GLM with the posterior mean as response vector. The
following table shows the entropic coefficients obtained
for this data.
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Coefficient Value Coefficient Value
(Intercept) 7.784 genderM 0.183
agecat2 -0.207 areaE 0.152
agecat3 -0.303 areaF 0.377
agecat4 -0.301 veh valueP2 -0.117
agecat5 -0.403 veh valueP3 -0.156
agecat6 -0.331

Table: Entropic coefficients
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Model fitting (. . . continued)

With the above estimators the entropic premium was
calculated for each risk class. We do not report here all
premiums since there are 101 classes.

A full table can be found on this articles web–site in the
section “Classes Table”.

The following figure shows the entropic premiums (in
increasing value) for all classes.
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Figure: Entropic credibility premiums (in increasing value)
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Conclusions

Linear credibility is artificial as a Bayesian model: Jewell’s prior
is not chosen for adequacy, but only for ease of computation.

Compared to when Bühlman and Jewell published their work,
now computing power is cheap, and sophisticated simulation
software readily available to anyone on Internet.

In a modern Bayesian approach to credibility the prior can be
based on out–of–sample information, not ease of computation.

The convergence of MCMC simulations is the new limitation
on possible priors. We use relative entropy as the loss function.

Compared to classical credibility for the EDF, the advantage
here is that the uncertainty on the dispersion parameter is
considered. We show that substantial computing is required,
but the method is easily applied to insurance datasets.
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Links

Preprint: https://www.researchgate.net/publication/
320354822_Bayesian_Credibility_for_GLMs

R code: https:
//oquijano.net/articles/bayesian_credibility/

Dataset:
http://www.acst.mq.edu.au/GLMsforInsuranceData
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Thank you
for your attention!
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ASTIN Working Party: Reserving Best Practice

This survey presents some insurance companies’ non-life reserving
practices for some selected countries. It does not intend to be exhaustive
nor fully representative of each market.

It is the result of the project “WPNLReserving” (Working Party Non-Life
Reserving) launched by ASTIN on Q4 2015, with a call for volunteers in
each of the target markets.

The surveys have then been filled by people responsible for the reserves in
the insurance companies which accepted to answer, on an anonymous
basis to minimize distortion, during Q1 2016.

Agnieszka I. Bergel An approach to the individual claims reserving method



ASTIN Working Party: Reserving Best Practice

Agnieszka I. Bergel An approach to the individual claims reserving method



ASTIN Working Party: Reserving Best Practice

Agnieszka I. Bergel An approach to the individual claims reserving method



ASTIN Working Party: Reserving Best Practice

Forty-two countries accounting for 87 percent of worldwide non-life
premium participated in the survey. Countries were included from North
America, Europe, Asia, Latin America, Oceania, the Middle East and
Africa.
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Main deterministic methods used
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Development of a claim

Main stochastic methods used
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Traditional Loss reserving methods. Chain Ladder

Loss reserving for insurance is traditionally based on aggregate data in a
run-off triangle.

Among those traditional methods, the chain-ladder technique is one of
the most widely used.

The key assumption of the chain-ladder technique is that claims recorded
to date will continue to develop in a similar manner in the future.

Such models, especially in their stochastic form, have been used in order
to measure and manage reserve risk for a variety of lines of business.
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Traditional Loss reserving methods. Chain Ladder

We describe briefly the deterministic Chain Ladder method. Notation:

y: accident year, y ∈ {Y − n, . . .Y }. Where Y represents the valuation
year.

k: development year, k ∈ {0, . . . n}.

Z(y, k): The claims loss amount, for accident year y , that is settled
(paid) in development year k . Also called incremental claim losses.
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Traditional Loss reserving methods. Chain Ladder

S(y, k): The claims loss amount, for claims occurrence year y, that is
settled by development year k , i.e. in or before development year k . Also
called cumulative claim losses.

S(y , k) =
∑k

i=0 Z (y , i)

S(y , 0) = Z (y , 0)

Z (y , k) = S(y , k)− S(y , k − 1)

S(y , n) =
∑n

i=0 Z (y , i) =

Y−y∑
i=0

Z (y , i)︸ ︷︷ ︸
past

+
n∑

i=Y−y+1

Z (y , i)︸ ︷︷ ︸
future
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Traditional Loss reserving methods. Chain Ladder

The Chain Ladder method for estimating future claims loss payments
requires the assumption that the development of settled claims losses
follows the same pattern for every accident year.

φ(k): Development pattern for cumulative claims loss settlement factors.
In short, development factors.

φ(k) =
E(S(y , k))

E(S(y , k − 1))
, k ∈ {1, . . . , n}.

It is implicit in this definition the assumption that, for any development
year k ≥ 1, the development factor φ(k) is identical for every accident
year y .
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Traditional Loss reserving methods. Chain Ladder

Chain Ladder Method estimators.

The CLM estimator for φ(k) is:

φCL(k) =

∑Y−k
y=Y−n S(y , k)∑Y−k

i=Y−n S(y , k − 1)
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Traditional Loss reserving methods. Chain Ladder

Chain Ladder Method estimators.

The CLM estimator for S(y , k), where y + k > Y , is:

SCL(y , k) = S(y ,Y − y)
k∏

i=Y−y+1

φCL(i)

SCL(y , k) = SCL(y , k − 1)φCL(k)
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Traditional Loss reserving methods. Chain Ladder

The CLM estimator for Z (y , k) is then simply calculated as

ZCL(y , k) = SCL(y , k)− SCL(y , k − 1).

Once the ZCL(y , k) are derived these estimated future incremental claims
loss settlement amounts can be grouped by the expected year of
settlement. These projected cash flows can then be discounted
appropriately in order to determine the required technical provisions for
these liabilities.
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Traditional Methods. Issues

However, the awareness of the insurance market about some possible
deficiencies of traditional aggregate models to provide robust and realistic
estimates has reached a significant level.

Several potential limitations are:
- Over/under estimation of the distribution when backtesting realized
amounts with forecast.
- Huge estimation error for the latest developments periods due to the
lack of observed aggregate amounts.
- Uncertainty about the ability of these models to properly capture the
pattern of claim development.
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Traditional Methods. Issues

Some scenarios that can not be addressed using aggregate models are the
following:
- Change in product mix. An insurance portfolio is usually not
homogeneous, but a mix of claims with different characteristics, and the
mix may change over time. Friedland (2010) and Guszcza and Lommele
(2006) illustrate the problem of the chain-ladder under a changing
product mix with simulated data.
- Inflation. It has a great impact on claims cost, especially for long-tails
lines of business. To handle the impact of inflation, an appropriate index
function that measures the claims inflation pattern over time might be
needed to discount the nominal payments.
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Traditional Methods. Issues

- Changes in regulation. Insurance is a highly regulated industry. Some
regulations directly specify the maximum duration in which a benefit is
payable after a claim is reported. Changes in these regulations may have
an impact on the claim development speed.
- Changes in claims processing. Insurance companies may experience
changes in the internal organization and management which in turn will
affect the claims processing scheme.
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Traditional Methods. Issues

To date, we suspect that the greater success of the triangle based models
could be driven by their comparative ease of use and the lack of
inexpensive computing power in the early days of these models.
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Individual Claims reserving

In this context of rising demand for more accurate reserving approaches,
a proper use of the information embedded in individual claims data
combined with appropriate individual claim development models represent
a promising future.

A claim-based modelling framework is needed, with emphasis on:
- Accident date.
- Reporting delay.
- Payment amounts and dates.
- Closing time.
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Individual Claims reserving

One example of such framework is the individual claims reserving (ICR)
method. Arjas (1989), Norberg (1993), Hesselager (1994) and Haastrup
and Arjas (1996) are among the earliest papers which introduced a
proper probabilistic setting for individual claims reserving. More recently
Zhao et al. (2009), Zhao and Zhou (2010) and Antonio and Plat (2014)
did further developments.
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Individual Claims reserving

The ICR method consists in: first estimating the number of IBNR claims
(Incurred But Not Reported) and then projecting both these IBNRs and
the RBNSs (Reported But Not Settled) in order to estimate the future
payments linked to these claims.

The required input data to apply this method is all the information about
the payments of the claims, meaning: the accident date, reporting date,
payment date, amount of payment, and possibly the closing date (if the
claim is closed).
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Individual Claims reserving

The idea behind the ICR method is to simulate the life of one single
claim, considering the possible events that might happen between
reporting date and settlement date, and calculating the total loss caused
by this claim.

We perform this simulation for as many claims as we have in our data
and add the total loss from the full set of claims. Then the simulations
are repeated a certain number of times, for example, 10000 times, which
allows us to obtain a distribution for the total loss (reserve).
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Individual Claims reserving

First step: consist in simulating the number of IBNR claims. There are
several ways to follow.

For each accident period y : Y − n, . . . ,Y and development period
(reporting delay) k : 0, . . . , n, denote by λ(y , k) the number of claims
that have occurred on accident period y and have been declared after k
periods.

These periods can be weeks, months, quarters, semesters or years.
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Individual Claims reserving

We divide by the exposure of each accident period, Ey

λ̃(y , k) =
λ(y , k)

Ey
,

and moreover, we use the mean of these parameters

λ̃(k) =

∑Y−k
i=Y−n λ̃(y , i)

n − k + 1
, 0 ≤ k ≤ n,

in order to keep one parameter for each development period k .
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Individual Claims reserving

As an example, we simulate the Poisson distribution with the
corresponding parameter λ̃k multiplied by the origin period’s exposure.
Then the number λ(y , k) of IBNRs reported in the period k , that
originated on accident period y , is simulated by a Poisson random
variable.

λ(y , k) ∼ P(Ey × λ̃k).

Then, the total number of IBNRs obtained is added to the original data
before each simulation.
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Individual Claims reserving

Second step: projection of the RBNS claims as well as the IBNRs which
are now considered as input data.

The aim is to project the next events for each claim independently.
The event could be of four different types:
- Type 1: closing without payment;
- Type 2: payment and closing at the same time;
- Type 3: intermediate payment;
- Type 4: neither payment nor closing.
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Individual Claims reserving

To calculate the probability of each type of event we use the “standard
method” which reproduces the average proportion of each type of event
for every development period.

Let us denote by Ni (k) the number of events of type i ∈ {1, 2, 3, 4} for
the development period k . We divide this number of events by the total
number of events for that development period in order to compute the
corresponding probability.
The probability that the event will be of type i if the development period
is k can be denoted by

P(Ek = i) =
Ni (k)∑4
l=1Nj(k)

, i ∈ {1, 2, 3, 4}. (1)
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Individual Claims reserving

Payments’ amounts:
In case of a type 2 or a type 3 event, we have to simulate in addition the
corresponding payment.

The amounts of the payments are sorted by development period in order
to compute the mean and the standard deviation. The mean and the
standard deviation of the amounts for the development period k are
respectively denoted by

µ(k), σ(k).
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Individual Claims reserving

Simulation algorithm summary:
-For each RBNSs and IBNRs, we have to simulate the type of the event
for the next period.
For that purpose we use the table of probabilities (1).
-If the event is of type 2 or 3, the corresponding payment amount must
be simulated. The gamma and the log normal distributions are the
traditional choices.
Using the available data we calculate the average amount of payments
and the standard deviations of payments by accident period and
development period. Then we calculate the mean and standard deviation
for each development period: µ(k), σ(k) and simulated a gamma or a
lognormal using those parameters.
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Individual Claims reserving

Simulation algorithm summary:
-If the event is of type 1 or 2, the claim will then be considered as closed
and it will not be projected any more.
-If the event is of type 4 then we go directly to the next period of
development.
-One after one, the claims will be closed and not projected any more.
The projections (simulations) stop when all the claims are closed.
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Final remarks

The aim of the ICR methodology is, as for any stochastic method, to
perform many simulations in order to get a final distribution of the
results.
The number of IBNRs, the number of projections required to project all
the claims and the payments amounts will not be the same from one
simulation to another due to the stochastic nature of the method.
Once all the simulations have been performed, we can build a distribution
of the results in order to compute the mean, standard deviation or any
other risk measure such as Value-at-Risk and Tail Value-at-Risk.
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Final remarks

In general, traditional aggregate models like the chain ladder have a
tendency to overstate the total reserves.
We, and so other authors have found that ICR method, on the other
hand, do not have this issue.
However, further research is still needed in order to arrive at a feasible
ICR model that could succesfully be use in the non life actuarial practice.
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