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Abstract: In the present paper we consider an equiprobable allocation urn model with m urns of limited capacity
and study the distribution of the number of overflown urns and the number of excess balls (i.e those assigned to
already filled up urns) after n balls have been assigned. The exact distribution of the variables of interest are
studied by a Markov chain imbedding method; a Poisson and compound Poisson approximation is discussed as
well along with estimates of their rates of convergence. Certain limit laws as n, m — oo are also established un-
der appropriate conditions on n, m and urns’ capacities.
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1. Introduction

Many combinatorial problems in probability and statistics can be formulated and best
understood by using appropriate urn models. Since the publication of the classical book by
Johnson and Kotz (1977) on urn models, the theory and applications of the so called ball-in-
urn distribution problems and the associated drawing schemes have received substantial atten-
tion from probabilists, statisticians and applied scientists. For an up to date review on the re-
cent developments in this area the reader might wish to consult Kotz and Balakrishnan
(1997).

In the present article we consider an urn model with cells of limited capacity and pro-
ceed to the investigation of two random variables (r.v.’s) which are closely related to a gener-
alization of the classical birthday problem. More specifically, assume that #» indistinguishable
balls are distributed into m cells (urns) of limited capacity k — 1 (k = 2). Each ball is equally
likely to be assigned to any of the m cells, but if the cell is full, the ball is placed in a spare
(overflow) urn with unlimited capacity. The random variables of interest here, are

a. The number U of urns that have «contributed» at least one ball to the spare urn, i.e. the
number of different urns to whom at least & balls (out of n) were assigned.

b. The total number W of balls placed in the spare urn (number of excess balls).

In the birthday problem (see e.g. Feller(1968) or Johnson and Kotz (1977)) one as-
sumes that each person is equally likely to have any of the 365 days in the year as his or her
birthday and asks for the probability that among » persons chosen at random, at least k£ have
the same birthday. Although the literature related to the classical birthday problem (k = 2) is
large (see for example Johnson and Kotz (1977) and references therein), there are relatively
few papers dealing with the general case £ > 2 (see McKinney (1966), Holst (1995), Menon
and Indira (1990), Henze (1998) or Barbour, Holst and Janson (1992), Kotz and Balakrishnan
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(1997) and references therein). It is evident that the probability asked for in the birthday prob-
lem can be expressed as P(U # 0) or P(W # 0) by identifying days with cells (m = 365) and
persons with balls in the urn model described earlier.

Another interesting application comes from the area of inventory control. Assume that
in a retail store, m compartments (or shells) are used with a limited capacity of A—1 items for
each compartment. If » customers select at random a compartment and leave the store when-
ever the chosen compartment is found empty, then U enumerates the compartments that
caused at least one customer loss and  the number of lost customers. Similar problems could
also be stated for multilevel parking places with limited capacity in each level, railway termi-
nals being able to accommodate a restricted number of trains etc. Finally, the random vari-
ables U and W may be used to test the null hypothesis that a series of multistate outcomes fol-
lows a uniform distribution against several clustering alternatives.

In this article we present both exact and approximate formulae for the evaluation of
the distribution of the random variables U and . In Section 2 we introduce the necessary no-
tations and present some results that facilitate the subsequent analysis. In Section 3 we illus-
trate how the exact distributions of U and W can be derived through a Markov chain imbed-
ding technique. Finally, in Section 4 we establish some Poisson and compound Poisson ap-
proximations along with error estimates and exploit them to set up limit theorems for the dis-
tributions of U and W respectively.

2. Preliminaries.

Let S;, j = 1,2, ...,m denote the total number of balls assigned to urns 1,2, ...,m. Mani-
festly, the number U of «overflown» urns (urns to whom at least & balls were assigned) can be
expressed as

U=21.(S) 2.1)
j=1

where I4(-) stands for the usual indicator function of set 4. On the other hand, the number of
balls placed in the spare urn is given by

W= f‘,(sj — kAT, (S) . (2.2)

Recently, Fu and Koutras (1994) and Fu (1996) developed a unified Markov chain
imbedding technique for computing the exact distribution of enumerating random variables in
sequences of binary or multistate trials. Koutras and Alexandrou (1995) suggested a refine-
ment of this method which used multidimensional binomial type probability vectors and ex-
ploited it in the study of urn models associated to several drawing schemes. Their approach
gave rise to exact compact formulae for the probability generating functions of the variables
under investigation, in terms of certain matrices which characterize the enumeration scheme
in use. Since we are going to employ this approach for the investigation of the exact distribu-
tions of U and W we deem it necessary to present here a brief outline of the Markov chain
imbedding technique; for more details refer to Fu and Koutras (1994), Koutras and Alexan-
drou (1995) and Fu (1996).

Let ¥V, (n a non-negative integer) be an integer valued random variable (r.v.) and de-
note by [, = max{v: P(V,,=v) > 0} < oo its upper end point. V, will be called Markov chain
imbeddable Variable of Binomial type (MVB) if



1. there exists a Markov chain {Z;, t > 0} defined on a discrete state space Q which can be
partitioned as

Q:U Cv’ Cv :{cv,o ’cv,l’ ° e "Cv,s—l}'

v=0
2.P(Z,e Cy|Z1e C)=0forallw=v,v+1land > 1.

3 The event V,,= v is equivalent to Z, € C, and therefore the probability mass function of V, is
given by

PV =v)=P(Z €C), v=1.2,...1,.

The distribution of a MVB is completely determined by the following three quantities:
e the initial probabilities

n,=(P(Z,=c,,),P(Z,=c,,),...P(Z,=c

1) s V=120
e the within states one step transition matrix

AW=(P(Z =c, ;12 1=¢,)es» v=12,.0, =1

e the between states one step transition matrix

B.(W=(P(Z, =¢,\ | Z =, s> V=12l £21.

More specifically, as Koutras and Alexandrou (1995) indicated, if
f,(V=(P(Z,=c,,),P(Z =c,,),...P(Z =c,,))

then the next recurrences hold true forall 1 <¢<n,
f,(0)=f,_,(0)A,(0)
f(v=f_ (WA W+, _(v-DB,(v-1), 1<v<l,
These relations, used in conjunction with the initial conditions fo(v) = @, 0 < v </,

offer a very simple computational scheme for the evaluation of the probability mass function
of V, through the formula

PV, =v)=f,(v)1', v=0,1,....1,
(1=(1,1,...,1) is the row vector of N* with all its entries being 1).

It is sufficient for our purposes and also of greater simplicity (especially for the state-
ment of more compact formulae) to assume that @, = 0, v > 1 and m1'= 1; this convention is
in fact equivalent to the condition P(V,=0) = 1.

The models where the MVB technique will be applied later, lead to transition matrices
independent of v and ¢, i.e.

A(wv)=A, B(v)=B forallt>0and1<v</,
In this case, the double generating function of V,
o 1,
O(z,w)= Zz PV, =v)z'w"
n=0v=0

takes on the next compact form (c.f. Koutras and Alexandrou (1995))



O(z,w)=n,(I- w(A+zB))'1".

As mentioned in the introduction, besides the exact formulae, we shall provide Pois-
son approximations for the distribution of U and W, along with estimates of the error incurred
by these approximations. To achieve this we are going to exploit the next result which has
been recently reported by Boutsikas and Koutras (2000). The distance metric appearing there
is the Kolmogorov distance, i.e.

d(L(X),L(Y))=sup|P(X < w)— P(Y<w)|.

Manifestly, a sequence of random variables X,, n=1,2,... converges in distribution to Y if
d(L(X,),L(Y)) converges to 0.

Theorem 1. Let X, X3, ..., Xy be associated or NA (negatively associated) integer val-
ued r.v.’s with E(|Xi), E(|XX)|) <o, i,j=1,2, ..., m,i#j. If X" are independent random vari-
ables such that X; is distributed according to the marginal distribution of X;
(L(X,) = L(X))) then

d( L(; Xi),L(; X< ‘Ziq Cov(X,, X))
Moreover, if X1, Xa, ..., Xy are NA non-negative r.v.’s, then

o< [ P(x, =0)- P(X, =0, i=12,....m)< —Zi<j Cov(X,,X)).

i=1

Another useful result pertaining to compound Poisson approximation is given by the
following theorem. The notation CP(A,F) used there indicates the distribution of the sum of

Y=X"Y where N is a Poisson r.v. with mean E(N)=), independent of ¥; and F is the c.d.f. of
the 1.1.d. r.v.’s Y1,Y5,... .

Theorem 2. Let X, X3, ..., X,y be associated or NA identical integer-valued r.v.’s with
finite moments E(1Xj|), E(XX}|) for i,j=1,2,....m, i#j. Then

d(L(Q X,).CPOLF)< |2 Cov(X,,X,)| +m[ P(X, #0)]
a=1 a<f
where . = mP(X; # 0) and F(x) = P(X, < x|X; # 0), xeN.
Proof. Let Y1,Y>,... be a sequence of independent r.v.’s following the zero-truncated
distribution of X; i.e. P(Y, = j) = P(X1 = j|X; # 0), jeU and Y=X" ¥ with N being a Poisson
r.v. independent of ¥; and E(N)=mP(X;#0). Invoking Theorem 1 we immediately deduce

(LSS

2 Cov(X,.X ).
a<p

d
Observe next that X, X/ =% Y where M =X (1-1,,(X])) is the number of the non-

a=1 "a

zero X',’s. Therefore,

d(L(Z X;),L(ij = d(L(ZYa),L(ZYa)j <dy, (L(M).L(V))



< 2 [P(= 1y (X)=DF =m[ P(X, #0)F

(dry denotes the total variation distance between two distributions; for the first inequality see
Vellaisamy and Chandhuri (1996); the second is a special case of the well known fact that the
total variation distance between a sum of independent binary r.v.’s Zi, ...,Z, with E(Z;) = p;

m

and the Poisson distribution with mean Y., p. is upper bounded by X", p’, see e.g. Serfling
(1978)). The proof is now easily completed by applying the triangle inequality. []

Additional bounds between a sum of associated or NA r.v.’s and a compound Poisson
distribution may be found in Boutsikas and Koutras (2000). For the definition and basic prop-
erties of associated and NA r.v.’s the interested reader might wish to consult Esary, Proschan
and Walkup (1967) and Joag-Dev and Proschan (1983). Apparently, the lower and upper

bounds for P(X", X, <x) conferred from the inequalities of Theorems 1 and 2 may take
negative values or values greater then 1 respectively. It goes without saying that in such cases
0, 1 will be used as a lower, upper bound for P(X", X, < x) accordingly.

Before closing this section we state some auxiliary results that will be repeatedly used
in the sequel and are of independent interest. The multinomial coefficients appearing below
are defined as follows

al

a ' a >0, bi >0, zzt':lbi <a
[ j = i=1 1'(a i=1 1)'
b.byseib,

0 if a<0 or some b, <0or Xi_ b >a

Lemma 1. The following identities are valid

* ?""‘*”O D = o (=X 1m0, 2sksn, pe(ou

b. gi(l k+1)(j - k+1)( ) pH(A-2p) =

i=k j=k

n! PP
- R _2k)!jo jo (p—x)(p—»)x" 2y 2(=x— p)" *dxdy, 2<k<n/2, pe(0,172).

Proof. We recall first the following well known identity which expresses the tail prob-
abilities of the multinomial distribution in terms of incomplete Dirichlet integrals (see for ex-
ample Olkin and Sobel (1965) or Gradshteyn and Ryzhik(1980))

AP Z(” lj 'pypy(I=p = py—=p) T = (2.3)
J LRI

i\ 2kyiy 2k, i.2k,
n
I (k=D (n =2 k)0
(pi>0,2p;<1,r>1,n— Xk > 0). Note that the above identity can also be considered as the

multivariate analogue of the well known formula for order statistics (see e.g. Arnold and
Balakrishnan (1989))

[ T x-S ) S

n F(x

) k-1 n—k
mj{) " (1-)""dt.

P(X,, < x)= Z( jF’(x)(l F(x))'=



Applying formula (2.3) for » =1 we easily deduce

n

Z(k 1)( jp(l p)"'= k2)l(n k),j XN (1=x)" " dx

Moreover, the incomplete first moment of the binomial distribution, by virtue of the same
formula, takes on the form

Zz[ ]p (I-p)"”

This competes the proof of part (a). The proof of part (b) is easily performed by applying
(2.3) for r=2. More precisely, the LHS of (b) can be decomposed in three parts for which the
next alternative expressions emanate

, !
i jpz(l_ p)n—z 1_ np

(k =2)!(n— k)l

Zf( j" E2(1x)" |

i —

e L . n=2) .. i
ZZU( ] H1=2p) " =n(n-Dp? D D ( jjp’ '(1=2py " =
i=k j=k 2 i2k-1 j>k-1 ’
nip’ PP k-2 k-2 n-2k
_(k—z)!z(n—zk)!jo Jo xR ey vy,
(joint incomplete second moment of multinomial distribution)
n—k n—i n p
) w p—inj — klkll n2kdd’

* 2(k- 1)12 3 (i j " (1=2p) = 2n(k - l)pz Z( ]j “i(1=2p)

i2k-1 j=2k

2nlp

:_(k _2)!2(n_2k),_|. J‘P k— z k— 1(1 X — y)n 2kdxdy

Summing up the RHS of the last three identities we easily arrive at the RHS of part (b). [

Lemma 2. Let F(x) denote the c.d.f. of the Erlang distribution with probability mass

function
k

A
f(x)= xle™, x>0

(k-1
Then the next inequality holds true for all x<k/\,
2] R —
k —Ax k(k +1)(1-Ax/k) k —\

Proof. It can be readily verified that the above inequality is equivalent to

rxk’le’xdx a
0<1-= <
“a"e™ T k(k+1)(1-alk)?

for O<a<k, k=1,2,... (2.4)

Taking into account the well known formula for the incomplete gamma function (see e.g.
Gradshteyn and Ryzhik(1980))

y(ka)=] 5o de=(k-1)e™ Z‘;—' 2.5)
i=k b

we obtain



Iaxk_le_xdx k! (ck)'
0
R g =(1—c)(1 ) (2.6)
iaatle (ck)* ,;1 il
where ¢ = a/ke(0,1). Observe next that

k!

(ck) & KE ), &, k& kY,
l—c (ck) Z ;! Z( (i+k)!jc_Z(l_k+1k+2"'k+ijc =0

J=k+1 i=1 i=1

which, in view of the elementary inequality (see for example Billingsley (1986), page 367)

‘H/ 14; 1_[/ 17 Zj‘=1a'_b

J J

; la;l, b=l

reveals that

S (RLAN (NS

j=k+1

s 1 2 I 1 c
<z(k+1 k+1+"'+k+1) Tk + 1)121’(’ D¢ = ey

Hence
k!

(ck)f c
ey Z A (ki) @7

and the required inequality (2.4) results immediately by combining (2.7) and (2.6). [

It is of interest to note that, when x<k/A is sufficiently small, the inequality described
in Lemma 2 offers very tight bounds for the c.d.f. of the Erlang distribution. This point is il-
lustrated in the next table where the bounds and the exact values of F(x) have been provided
for several &, A and x.

Table 1: exact and approximate values for the c.d.f. of Erlang distribution

k A X lower exact upper
bound value bound
50 100 0.1 1.85448 107" 1.85473 1077 1.86591 1077
0.2 1.24399 10® 1.24589 10® 1.27170 10®
0.3 0.000511594 0.000518891 0.000552196
0.4 0.0538154 0.0703351 0.0885351
100 10 2. 3.48875 1077 3.48888 107’ 3.49958 1077
4. 1.20576 107 1.20625 107 1.21917 1075
6. 1.47557 10°® 1.48153 10°® 1.53247 10°®
8 0.0157968 0.0171083 0.0196973

For larger values of x a relatively simple approximation of F(x) could be accomplished
by exploiting the next formula (Gray, Thompson and McWilliams (1969))

1 ro iy a (1 k-1 j
T X e X ~ -
a* e da a-k+1\U (a—k+1)*+2a)’

which yields

x f(x) ( k-1 j
~ - - > .
Foo~ = i\ kaniean) s TR



3. The exact distributions

In this section we are going to illustrate a method to capture the exact distribution of U
and W by means of the Markov chain imbedding technique mentioned in Section 2.

Let us start with U. Manifestly, this is a non-negative integer r.v. with upper end point
l,=max{v: P(U=v) >0} =min{m, [n/ k]}. In order to establish a proper Markov chain {Z,, ¢
> 0} we introduce the state space Q = U,»C,, with C, ={0,1,....k}" x{v}, v=10,1,...,5, (|Q| =
(k+1)"min{m, [n / k]}) and define Z,= (x1, x2, ..., X», v) if after the distribution of # balls into
the urns

e exactly v urns, say {i, s, ..., iy} < {1, 2, ..., m}, have been assigned at least & balls. In this
case we put x, =k,r=1,2, .., v (for v=0 this case is disregarded).

e the remaining m — v urns {ji, j2, ..., jmov} = {1, 2, ..., m} \ {iy, i, ..., i,} have received
XX peeesX (0L x; < k-1, 1<r<m-v) balls respectively. (convention: Z,= (0, 0, ...,0)

c Nm+1)

It is not difficult to verify that {Z, t > 0} is a Markov chain with P(Z,€C,, |Z,.,€C,) = 0 for all
wzv,v+1(21)and PU=v)=P(Z €C),v=1,2, ..., 1, Therefore U is a MVB and the
quantities required to determine its exact distribution are

e the initial probabilities:
n,=(P(Z,=(0,...,0,0)),P(Z,=(1,0,...,0,0)),....,P(Z, =(k,...,k,0)))=(1,0....,0)
n, =(P(Z,=(0,...,0,v)),P(Z,=(1,0,...,0,v)),....P(Z, =(k,....k,v)))=(0,0,...,0) , v>0.
o the within states one step transition matrix A, (v)=A=(P(Z,=c,,|Z,,=c,,)),., with entries
P(Z, =(x,,%,,...x,,v)+e, | Z _, =(xl,x2,...,xm,v))=1{0,1m,{_2}(x,.)/m, i=1,2,....m, (x1,....xm,v)€C,
P(Z, =(x,,%y 50X, V) | Z, | =(X],X) 000X, V)= 21, Lo (x)m,  (x1,%2,0.Xm,V) € Ci.

o the between states one step transition matrix B,(v)=B=(P(Z, =c,,,;|Z,,=c,,)),,, with
entries
P(Z,=(x),%y 5%, v+D+e, | 2, =(x,, %,y 55X, V=1 (x)/m,  =1.2,..m, (xX1,...xm,V)€C,
The transition probabilities that are not described explicitly in the above statements vanish.

For illustration purposes we mention that, for k=2, m =2 we have my= (1, 0, ..., 0) €
Ng, mT,=0¢ Ng,

(0,0) (0,1) (0,2) (L,O) (LD (1,2) (2,0) (2.1) (2,2) (0,0) (0,1) (0,2) (1,0) (L1) (1,2) (2,0) (2,1) (2,2)

wo[0 % 0 % 0 0 0 0 0] wo[00 0 0 00 0 0 0 0]
onf0 0 0 0 ¥ 0 0 0 O onf0 0 4 0 0 0 0 0 O
[0 0 % 0 0 % 0 0 0 ©0 00 00 0 0 0 0
w0 0 0 0 % 0 0 0 0 [0 00 00 0 ¥% 0 0
A=apn/0 0O 0 0 0O O O O O B=an{0 0 0 0 0 ¥ 0 ¥ O
anf0 0 0 0 0 4 0 0 O a»n/0 0O 0 00 0 0 0 X
enl0 O 0 0 0 O ¥ K O enf0 0 0 0 0 0 0 0 O
enf0 0 0 0 0 0 0 % O enf0 00 00 0 0 0 U
en0 0 0 0 0 0 0 0 1] en0 0 0 0 0 0 0 0 O]




(the labels in the left and above matrices A, B, refer to the values of (x},x2)). The distribution
of U = U, can now be easily captured through formula P(U,=v) =f,(v)1’, v=0,1,2 with f,(v)
being computed by repeated application of the recursive formulae

ft(o):ft—l(O)A

f(v)=f_(WA+f_ (v-)B, v=12. (3.1)
fort=1,2, .., n(f0) = e;eN’, fo(v) = 0N’ for v > 0). In addition, the double generating
function

D(z,w)=D_ >, P(U, =v)z'w" =,(I- w(A+zB))"'1'
n=0 v=0

can be effortlessly calculated as

e L B O
T T Y T e wy2—w)
and the following (simple) generating functions ensue
< WL 202w—w' & w*(3-w)
P(U, =0)w" =l+w+—, D) _P(U,=)w"=w’————, ) P(U,=2)w"= .

We shall now turn our attention to the r.v. W, which enumerates the balls placed in the
spare urn. The upper end point of W is [,= max{v: P(W =v) >0} = n—k+1. Let us consider the
state space Q = U,»C,, with C, ={0,1,....k—1}" x{v}, (|Q| = K"(n—k+1)}) and introduce the
r.v.’s Z, t=0,1,... as follows: Z,= (x, x2, ..., Xx»,v) if and only if, after having distributed 7 balls
into the urns, x; balls have been placed in urn i, i=1,2,....,m and v balls have been forwarded to
the spare urn (convention: Zy= (0,0,...,0)eN"™"). It can now be readily verified that {Z, >0}
is a Markov chain and P(Z,eC, |Z.1€C,)=0 for all w # v, v+ 1 and t > 1, PW =v)=
P(Z,eC)), v=1,2,.. 1, Thus, Wis a MVB and its exact distribution can be easily com-

puted in a recursive fashion on using
e the initial probabilities:
n,=(P(Z,=(0,...,0,0)),P(Z,=(1,0....,0,0)),....P(Z, =(k —1,....k—1,0)))=(1,0,...,0)
n,=(P(Z,=(0,...,0,v)),P(Z,=(1,0,...,0,v)),....P(Z, =(k —1,...,k =1,v)))=(0,0....,0) , v>0.
Z

e the within states one step transition matrix A, (v)=A=(P(Z,=c, |Z,_,=c,,)),,, Whose en-

v,j |
tries are given by

P(Z, =(x,,Xy 500X, V) F€ | 2, =(X),Xy 500X, V)= gy o0y ()M, i=12,0m, (X1, Xm,v) €C,

,,,,,

o the berween states one step transition matrix B,(v)=B=(P(Z,=c,,, ,|Z,,=c,,)),., whose

entries are

P(Z,=(x,,Xy 500X, VD Z, =(X,% 500X, V)= 20 L (X)) /M, (X1,X2,000m,v) €C

The transition probabilities that are not described explicitly in the above statements vanish.

As an application, consider the case k =2, m = 3. Then myp= (1,0,...,0)6N8, nt,= 0eN®,
and matrices A, B read



10

(0,0,0)(0,1,0)(0,0,1)(0,1,1)(1,0,0)(1,1,0)(1,0,)(1,1,1) (0,0,0)(0,1,0)(0,0,1)(0,1,1)(1,0,0)(1,1,0)(1,0,) (1,1,1)
0|0 Y% ¥ 0 % 0 0 O] 000 0 0 0 0 0 0 O]
00 0 0 ¥ 0 4% 0 0 00 4% 0 0 0 0 0 0
©0onl0 0 0 K% 0O 0 ¥ O ©onlf0 0 % 0 0 0 0 O
om0 0 0 0 0 0 0 Y4 ©onf0 0 0 % 0 0 0 O

TG0 00 0 0 ¥4 % 0 “ow[0 00 0 % 0 0 0
a0 0 0 0 0 0 0 Y4 a0 0 0 0 0 2% 0 O
aonf0 0 0 0O O O 0 Y4 aonf0 0 0 0 0 O 24 O
a0 0 0 0 0 0 0 O] atn(0 0 0 0 0 0 0 1]

(the labels in the left and above matrices A, B, refer to the values of (x;,x2,x3)). Launching the
recursive scheme (3.1) with initial conditions fy(0) = e;eN®, fo(v) = 0eN® for v>0, we can ef-
fortlessly compute f,(v), v = 1,2,...,/, and thereof the exact distribution of W = W, by the for-
mula P(W,=v) = f,(v)1'. Finally, the corresponding double generating function reads

o m 9w +(6-152)w? +(2—6Z +622)W3
(D — P W = w" =1+
(z,w) Z(;Z; O, =v)z'w (1= wz)(9-9wz +2w’2

An interesting feature of the aforementioned approach is that by a trivial adjustment of
the transition matrices A, B we can also encompass the case of having different probabilities
P1, P2,-...pm Of assigning a ball to the m cells (non-equiprobable scheme) or even more gener-
ally the case where the assignment of the i-th ball depends on the previous (one or more) as-
signments in a Markovian fashion.

However, it should be mentioned that the Markov chain imbedding method elucidated
above becomes unwieldy for large values of k£ and m (even for the equiprobable case) because
of the exponential increase of the dimensions of A, B (it is (k+1)" for U and k" for W). This
remark brings up the question whether one could establish neat and computationally tractable
approximations for large values of &, n and m. In the next section we are going to address this
problem.

4. Approximations and limit theorems

In the present section we deal with the problem of approximating the distribution of
the r.v.’s U and W by appropriate Poisson distributions. The main tools to accomplish that are
Theorems 1, 2 of Section 2 and representations (2.1), (2.2) of U and W in terms of the total
number S; of balls assigned to urn j, j=1,2,....m.

In all that follows we shall use p for the probability of assigning a ball to a specific urn
ie. p=1/m.

It is clear that the random vector (S),55,...,5,) follows a multinomial distribution with
parameters n and (p.p,...,p). This ascertains that Si,5,,...,5,, are NA (see Joag-Dev and Pro-
schan(1983)) and since the r.v.’s [; = Ix«)(S)), j = 1,2,...,m are non decreasing functions of
{81,82,...,Sm} defined on the disjoint subsets {S;}, j = 1,2,...,m, we conclude that ,b,...,I,, are
also NA. A direct application of Theorem 1 yields

d(l_(i 1j),L(ij I)<-3, Cov(l, 1)) 4.1)
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where [/, j=1,2,...,m are independent r.v.’s with L(/})=L(I,)= Bi(1,P(S; 2 k)) (Bi(r,q) de-
notes the binomial distribution with parameters »eU" and ¢<(0,1)). Manifestly,

m

L(Z I))=Bi(m,P(S, 2 k)), P(S,=k)= i@ps(l— P

Cov(I,I)= P(S, 2k, S, 2 k)-P(S, 2 k)

and substituting in formula (4.1), the next inequality ensues

! n ¢ o
d(L(U),B,-(m,z[sjps(l_py—s)) <UB (42)
where
_1 n 2 n—k n—i o o
UB _ m(n; ) ((Z(Z} ps(l_ p)n—sj _ _Z 2 (Z njijd (1—2p)""_1\] . (4-3)

As already mentioned in Section 1, the generalized birthday problem calls for the cal-
culation of the probability that among n persons chosen at random, at least £ have the same
birthday. Obviously, this probability can be expressed in terms of our set up as P(U#0)
(m=365, p=1/365). In view of the second inequality of Theorem 1, the quantity of interest for
this specific problem can be bounded by the following binomial type bounds

- (i(’gps(l— P)”‘Sj < P(U #0)<1- (i@psu— p)"-sj +UB.

s=0 s=0

Table 2 illustrates the performance of the aforementioned binomial type bounds for
m=365 (birthday problem) and several choices of £ and n. In Table 3 we have conducted a
numerical comparison between the binomial-type bounds (for the generalized birthday prob-
lem (m=365)), the improved Bonferroni bounds established by Kounias (1995) and bounds
based on the Chen-Stein method (see Kounias (1995) and references therein). The exact val-
ues of P(U#0) were obtained either by the use of multiple sums for A<5 (see e.g. Kounias
(1995)) or by simulation for £>5 (number of iterations 10°); moreover, whenever the lower
and upper bounds fell outside the range [0,1] the values 0, 1 were used instead. The boldface
entries indicate the best available bound for each case.

Table 2. Exact and approximate values for the generalized birthday problem

k=2, m=365 k=4, m=365 k=30, m=365
n  lower exact upper n lower exact upper n lower  exact  upper
bound value bound bound value bound bound  value  bound

10 .1144 1170 1172 60  .00883 00884 .00884 [ 5000 .0329 .0329 .0329
15 .2450 2529 2549 100 .0633 .0636 .0636 | 5300 .0848 .0850  .0850
20 .3959 4114 4198 140  .2090 2111 2116 | 5600 .1924  .1933 .1934
25 5457 5687 .5923 180  .4476 4548 4602 | 5900 3771 3786 3812
30 .6783 .7063 7581 220  .7059 7187 7476 | 6200  .6217  .6277  .6366
35 7852 8144 9101 260  .8896 9022 9987 | 6500 .8452  .8502  .8923
40  .8646 8912 1 300 9728 .9794 1 6800 .9655  .9697 1

45 9193 9410 1
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Table 3. Comparison between our binomial type bounds, improved Bonferroni bounds
and Chen-Stein bounds for the generalized birthday problem (m=3635)

lower bounds upper bounds
n k | Improved Chen-Stein Binomial type| Exactvalue |Binomial type Chen-Stein  Improved
Bonferroni Bonferroni

10 2 .11586 11469 11443 11695 11717 11745 12296
10 3 .00087 .00087 .0008874 .0008877 .0008877 .00090 .00090
15 3 .00324 .00324 .0033265 .0033294 .0033294 .00341 .00341
23 2 45387 48397 48712 50730 .52350 .51680 .69126
23 3 01212 .01210 .01268 01271 01271 .01323 .01326
40 2 .68842 .82085 .86461 89123 1 94474 1
40 3 .06017 .06011 .06644 .06689 .06692 .07187 .07396
60 3 16387 .16836 .20437 20723 20787 .22950 25625
88 2 91490 . 78682 99989 .99999 1 1 1
88 3 .34040 32147 .49989 51107 52120 .57888 .82143
88 4 .02298 02126 .03913 03925 .03925 .04697 .04782
100 3 40369 33796 .63097 .64586 66921 73325 1
120 4 .06364 .02860 12293 12380 12391 15675 .16847
150 3 .65589 0 95408 96477 1 1 1
187 3 76415 0 99624 99815 1 1 1
187 4 21467 0 49438 50269 51020 .66123 1
187 5 .02023 0 06507 .06530 06532 .09724 .10145
250 5 .05870 0 22340 22535 22587 .36281 43922

Let us return again to the original general ball-in-urn distribution problem and ine-
quality (4.2). Should one be interested in a Poisson approximation for L(U) with the same
mean (instead of the binomial approximation suggested by (4.2)) he could make use of the
triangle inequality in conjunction with (4.2) to get

d(LU), Po(mi (Z)p (1- p)"_S)J <UB+m (Z [:jp (1- p)Hj (4.4)

Results of similar flavor have also been formulated by Barbour, Holst and Janson (1992) with
the aid of the celebrated Chen-Stein method.

Our next task is to investigate the limiting behavior of the distribution of U as n,
m—0. Two different cases will be considered for 4: in the first £ will be increasing with no
bound (k—0) as n and m increase whilst in the second & will be fixed.

Theorem 3. If n, m, k — o such that

n 1
—=c+o(y), ce(0,1) and
km

then the limiting distribution of U is Poisson with expected value (parameter) \. Moreover,
the rate of convergence of L(U) to Po(\) is at least O(k'"*(ce'™)").

m e “*(ck)*
e o — A<o0, (4.5)

k!

Proof. The expected value of U equals, by virtue of (2.3) for =1,

mn!

(k —1)!(;% ~k)! jo (=

E(U)=mP(S, > k)= mz};@ (1

With the aid of
e (l-x)y'<l-x<e ", 0<x<l (4.6)
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(which results immediately from the elementary inequality x < —In(1—-x) < x/(1-x), 0<x<I)
the integral of the RHS can be bounded above and below as follows

_ p 1 _ P 1 _ x(n—k P _ —k P 1 _
(1= p)P | " x e B e < |5 e 0 (1—x) " O ge < | (1= x)" " de < | % e P .
0 0 0 0

Writing the last outcome as

(n-k)
(l_p)p p(n=k) kol n—k 1 p(n=k) 1o
WL dx < j "(1-x)""dx < WJ‘O dx 4.7)
and making use of (2.4) for a=p(n—k) we obtain

(n=k) -p(n— -p(n—
mn!(l—p)p ple ™ ( B p(n—k) JS ()< mn! ple "™
(k=D(n—k)! k=p(n=k)\" k(k+1)(1-p(n—k)/k) (k=D)!(n—k)! k—p(n—k)

(4.8)

for sufficiently large n,m,k such that p(n—k)/k < 1 (this is always feasible because, under the
assumptions made, we have lim p(n—k)/k = ¢ < 1). It is now easy to verify that, due to condi-
tions (4.5), both lower and upper bounds for E(U) converge to A and consequently limE(U)=\.
This secures that the Poisson distribution appearing in the LHS of (4.4) converges to Po()L),
whilst the rightmost term of the upper bound (i.e. (E(U))z/m) converges to 0. We shall now
prove that UB as stated in (4.3) converges to 0 thereof obtaining the desired limiting result.

Let us start by writing UB in terms of appropriate integral expressions. Exploiting
(2.3) forr=1, 2 we get

m(m—1) P kl k-1 n—k n—k
UB="—" [((k 1)'(n k),jjj (1= x)"* (1= y)"* dxdy

n! PIP k=1 k-1 n-2k
_(k—l)!z(n—2k)!-[ojox v (I=x—y)" "dxdy

m(m 1)( n! Cerpe k=1_ k-1
INECE k)vj Jo o= Ayddy . n22k
where
!
A== oyt e o)
S(1—)6)””‘(l—y)”_k‘(l_n—k+1) (I=x=y)™.

Recalling (4.6) we gain the inequality

, k g (x+3)(n=k)
A(x,y)<e k) 1—(1— ) l-x—y)" 4.10
(xv.y)<e —) (Fx-y) (4.10)

k g 2 p(n—k)
<e k) 1—(1— j 1-2p)”
e 1) 1)

which leads to the following upper bound for UB
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UB—m(m l)( n! j (1_[1_

k
_ 2p(n=k) \ (P[P g1 k=1 —(x+y)(n—k)
2 (k=D (n—h)! j(l 27) jLLx y e ddy

Observe next that the double integral simplifies to

2 2 k_—p(n—k) \?
P k=1 _—x(n—k) _ 1 pink) 4 o pe
on ¢ dx) _[(n )" ol dxj (k p(n— k))

with the inequality holding true for sufficiently large n,m,k such that p(n—k)/k < 1 (to verify
that, apply (2.4) for a = p(n—k)). It is now straightforward that

1 k) 2p(n=k) mnlp*e 7" )2
w2 [l_(l_ n—k +J (1-27) ] (Uc D (n=k)!(k = p(n—K))

1 k ¢ 2p(n-k) me™" (np)"* ’ 20k _ 1730
=2 (1_(1_ n—k +1) (1=2p) j(k!(l— p(n —k)/k)] er=UB @.11)

Under the assumptions (4.5), the above bound converges to 0. More specifically we have

n—k+1

1 1\ k
FORSTII IS
2 c/ m

7»(ce1 )k
2(1 o) \2n

(Note that ce' < 1 for ce(0,1). The symbol ~ indicates that the ratio of the two sides tends
to 1). An upper bound for the rate of convergence of L(U) to Po(k) is offered by

= O(k"*(ce™)")—0

UB' +mP(S, >0)*= UB' +

E(’:) 1 x(cel L) — 0(k1/2(cel c) )_)0

~ (et D)

This completes the proof. [

We are now going to state a second limit result which covers the case of fixed &.
Theorem 4. If k is fixed and n, m —oo such that

(n/m)"
k!

—A<0 (4.12)

then the limiting distribution of U is Poisson with expected value (parameter) \. Moreover,
the rate of convergence of L(U) to Po()) is at least O(1/m'™"")=0(1/n).

Proof. It is couched on essentially the same considerations as the ones used in obtain-
ing the proof of Theorem 3. Condition (4.12) implies that lim p(n — k)/k = limn/(km)=0 and

choosing n, m sufficiently large so that p(n—k)/k < 1 we can secure the validity of the inequali-
ties (4.8) and (4.11). It can now be easily verified that, under assumption (4.12),

a. the lower and upper bounds in (4.8) converge again to A as n, m— ; therefore
IimEU) =k

b. UB’ of (4.11) converges to 0; more specifically,

1(k* n ) (K n Ik
OB~ 3 e ) = 2 2 = 0™

c. the last term in (4.4) i.e. m(P(U=k))* = E*(U)/m is of order O(1/m).
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Using (a), (b), (c) in conjunction with (4.4) we immediately yield the desired limit result. []

Recently Henze(1998) proved, using an entirely different technique, that, when m—o0
and n=[m'""*t], U converges to a Poisson distribution with parameter A=¢*/k!. This can also
be established by exploiting Theorem 4 since in that case we have

n* [m

klm*™!

l—l/kt]k

klm*™! - n =

Let us now turn our attention to the limiting behavior of W, the number of balls placed
in the spare (overflow) urn. Observe first that
W, =S, -k+)1, . (S), j=1.2,..m,

are NA as non decreasing functions of the set of NA r.v.’s {S1,5,...,S,} defined on the disjoint
subsets {S;}, j=1,2,...,m. Apply next Theorem 2 to gain the inequality

d(L(W),CP(u,F))= d(L(ZW) CP(u,F))< . Cov(W W) +mP(W, #0)>.  (4.13)

i<j

where F'is the cdf of the zero truncated distribution of W, with probability mass function

n i+k—1 n—i—k+1
1—
( iy k_ljp (I-p)

POV\=i W, 20)=P(S, =i + k —1|S, > k)= =12, (4.14)
s (")ra-pr
and
=P 20~ mP(S, 2 )= EU)=m, ()= @15)
The terms in the RHS of (4.13) take the form
UB, :—Zm:jicov( W)= mm )(E(W)E(W) EGWW,))= (4.16)

j=1i=1

=m(";_l)[(i(z‘—kﬂ)@p"(l—p)""] D)y ik f*-’(l—zp)“-’J

i=k j=k
and
UB, = mP(W, #0)*=mP(S, > k)*= i’ /m
respectively.

We are now equipped with all necessary machinery to establish a limiting result for
the distribution of W under the same conditions on n, m, k as those used in Theorem 3. The
limiting law turns out to be a Polya-Aeppli distribution PA(A,c) i.e. a CP(A,F) with F being a
geometric distribution with parameter c. The corresponding pdf is given by

1] (AM(1=c)/c)’
].

u
PALC)O}=e*, PAAC){u}=e "Z( , u=12,...
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Theorem 5. If k, n, m — o such that

—ck k
no_ 1 m e " (ck)"
km—c+0(k), ce(0,1) and e X

then the limiting distribution of W is a Polya-Aeppli (compound Poisson) distribution with
parameters A and c. Moreover, the rate of convergence is at least O(k"*(ce')").

— A<co, (4.17)

Proof. From the proof of Theorem 3 it is clear that, under assumptions (4.17), u=E(U)
of (4.15) converges to A and UB, converges to 0. Manifestly, the proof of our target limiting
result would be complete if in addition we succeeded to verify that

a. the limiting distribution F' is geometric with parameter (success probability) c,
b. the quantity UB; (and therefore the upper bound UB;+UB,) converges to 0.

For part (a) apply inequality (4.8) for the sum in the denominator of (4.14) to bound
P(W\=i|W, #0) as follows

(k _1)'(1’1 — k)!pi_l(l_ p)n—i—k+1(k . p(n B k))
(i+k-D(n—i—k+1)le "™

L k=D =K)lp™ (A= p) ! (k— p(n k))( ) p(n—Fk) j
T (+k=D(n—i—k+D)(1=p)" e U k(k+1)(1- p(n—k)/k)?

< P(W, = i|W, 20) <

(for sufficiently large n,m.k such that p(n—k)/k<1). It is rather straightforward that, under as-
sumptions (4.17), both upper and lower bounds stated above converge to ¢"'(1-c). For exam-
ple, the asymptotic behavior of the lower bound can be successively established by

(k=Dn-k)1p"' (A= p)""™k=p(n-k)) n"'p"'(1-p)"""(1-0)
(i+k=Dl(n—i—k+1)le " kil P

~c'(1=¢)

whereas similar reasoning applies for the upper bound as well.

Let us now switch to assertion (b). Replacing the sums in (4.16) by the integral ex-
pressions provided by Lemma 1, we get

_m(m—l){ n!
— 2 \(k=2)(n—k)!

UB, ] [T (=) (p=y)x 25" a(x,y) ey

with A(x,y) given as in (4.9). Employing once more inequality (4.10) we deduce

1 mn! ? k g 2p(n=k) | (P hed ek 2
om =3 { ) (i) 12 e ns

We shall try next to construct an appropriate upper bound for

k
n—k
Iop(p_x)xk—Ze—x(n—k)dx:p_e—p(n—k) _(l_p_)

= " Y(k(n=k)p).

(n—k)*
Exploiting the lower bound inferred from (2.4) for y(k,a) the next inequality ensues

k _—p(n—k)

LN p e 1 _ p(n—k) j]
Jy (=t D k-1 (1 (1 k—p(n—k))(1 k(= pn—tyiy)) .+

Combining (4.18), (4.19) we obtain
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2 2
e ( ( k )k zp(nk)] me™" (np)* 2(nck) pn=k) j
UB i< —~\ 1=\, o) 172 — v | | = (420
) n—k+1 ( p) k!(l— M"T*k)) 1— @ k(1= 2 k)) (4.20)

Straightforward calculations on the last bound reveal that (under assumptions (4.17)) it con-
verges to 0. More specifically, the asymptotic rate of convergence of it is

1 1) k ? 1 (e e
5(4‘:*2);"‘2‘(1*%) ~ (4c+ 0)% = O(k"(ce*)") =0

and an upper bound for the rate of convergence of UB;+UB; to 0 is offered by

1 }\‘celfc k k )\,2 .
(et ) e e =0t e )) > 0

This completes the proof. []

In closing this section we give some tables illustrating the quality of the Poisson ap-
proximations established in Theorems 3-5. In Tables 4 and 5 several large values of » and m
were chosen and the cumulative distribution function P(U < i) of U (calculated by simulation,
10° iterations), along with the c.d.f. of Po(E(U)) = Po(k) and Po(limE(U)) = Po(\) were
evaluated at i = 0, 1, 2,... . Upper bounds UBy for the errors incurred when approximating
P(U < i) by the c.d.f. of Po()\) are also provided. To be more precise, the values displayed
above the main body of the tables were computed by formulae

m e *(ck)* n
c=

o= 1—p)"~* =—— -
0 mz};( )P( p) EPETE .

-1 n 2 ek ni ’
vs~"" )([E(Z)ps(l—l’)ﬂ) Z ZG)pr a2 jj“"(Z( w-p)
(c.f. (4.3), (4.4))

* _l ( k )k 21)("—/€)j(’719_”1](”17)1{_1J2 2pk( nplk )2
UBy _2(1_ S (1=2p) k-1 )¢ \=pn—k)yk

[ ! pke—p(n k) jz
(k-D(n—k)! k= p(n—k)
(c.f. (4.11) and the upper bound in (4.8)); note that UBy is a weaker upper bound than UBy
(UBy< UBU*) but it is easier to evaluate. In Table 4, which serves as an illustration for Theo-
rem 3, large values of & were chosen whereas in Table 5, which elucidates Theorem’s 4 per-
formance, a variety of small values was assigned to k; in this case the c.d.f. of Po(ky), A, =
m(n/m)*/k! was also incorporated in the table for comparison reasons. Finally, in Table 6 we
have evaluated the exact cumulative distribution function P(W < i) of W (by simulation, 10°
iterations), along with the corresponding values of the CP(u,F) distribution used in formula
(4.13) and the Polya-Aeppli distribution described in Theorem 5. The error estimates (upper
bounds) UBy, UBy for the approximation of P(W < i) by the c.d.f. CP(u,F) were calculated
through formulae

UBW:m(";_l)HZ(z k+1)( j p'(1-p)” ] Zk‘Z(z —k+1)(j— k+1)( j "*-/’(1—2p)""-/J+
+M(Z;,(’3p“(l—p)“]




(c.f. (4.13) and (4.16)),

UB

. e2pk(
W9 k

1_(1_ k jk(l_z )zp(nk))(m
n—k+1 p
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pn=k)

p(n=k)

n!

_ k 2 2
e " (np) j ( 1 N ket _ Kt ]
k! 1— p(';c—k) (1_ p(l;—k))z k(l— p(';c—k))3

k ,=p(n=k)

p e

o

(k —1)!

m—kﬂk—pm—kJ

(c.f. (4.20) and upper bound in (4.8)); note once more that UBy/ is worse than UBy but is
computationally more tractable.

Table 4. Exact and approximate c.d.f- of U for large k.

k=20, n=9000, m=1000 | k=20, n=80000, m=10000 | k=30, n=74000, m=5000, | k=30, n=140000, 1=10000
UB=.00940, UB; =.0517 | UB,=.0069, UB; =.0295 |UB,=.0055, UB,=.0387 |UB,=.0020, UB, =.0124
M=1.049, A=1.121, =45 | A=2.527, %=2.650, c=4 |N=1.687, A=1.782, c=.493 | M=1.357, \=1.423, =467
i | Po(A) Po(hy) Exact | Po(A) Po(hy) Exact | Po(h) Po(hy) Exact | Po(h) Po(ly) Exact
value value value value
0| 3259 3503  .3460 | .0707 .0799  .0816 | .1683  .1852  .1857 | 2411 2575  .2590
1| 6913 7177 7161 | 2580 2818  .2847 | 4683 4974 4972 | 5841  .6069  .6087
2| 8960 9105 9125 | 5061 5369  .5393 | 7355 7608  .7602 | .8280  .8439  .8453
3 9722 9779 9783 | 7252 7517 .7553 | .8942 9088  .9092 | 9437 9510  .9523
4| 9941 9955 9959 | 8703  .8875  .8916 | 9649 9712 9713 | 9848 9874  .9884
5] 9989  .9992 9993 | 9472 9561  .9580 | .9901  .9923  .9923 | 9965 9973  .9974
6 9812 9850  .9856 | 9976  .9982  .9980 | 9993  .9995 9995

Table 5. Exact and approximate c.d.f- of U for small k.

k=3, n=100, m=600, k=3, n=1000, m=10000, k=5, n=3-10", m=5-10* | k=5, n=20000, m=50000
UB=.0067, UBy =.0081 UB=.0104, UB, =.0112 UB, =3.99-10° UB=.0053, UB, =.0064
10=.3980, A=.4149, ro=1.542, 1=1.560, 20=3.082, 1=3.088, 2=3.061, 1=3.109,
1=.4630, ¢=.05556 2=1.667, ¢=.0333 ,=3.24, ¢=.0120 A=4.267, =080
i | Poh) Po(h;) Po(hy) Exact| Po(d) Po(h;) Po(hy) Exact| Po(h) Po(hy) Po(hy) | Po(h) Po(hy) Po(hy)
value value
0| .6604 6294 .6716 .6645| 2101 1889 2139 .2/13| 0456 0392 .0459 | .0447 0140 .0468
1].9344 9208 .9390 .9410| .5379 5037 5438 .5406| .1863  .1661 .1872 | .1835 0739  .1902
2| .9913 9883 .9922 .9938| 7936 .7660 7982 .7978| 4037 3716  .4051 | 3993 2016  .4097
3] .9991 9987 .9992 .9994 | 9266 9117 .9290 .9297| .6274 5936  .6289 | .6229 3832  .6336
4 9784 9725 9794 9804 | 8002 7735 .8013 | .7967 .5769  .8049
5 9946 9927 9949 9950 | 9069  .8900  .9076 | .9047 7422  .9098
6 9618 9529 9622 | 9607 8597  .9633

Table 6. Exact and approximate c.d.f- of W.

k=20, n=9000, m=1000 k=20, n=80000, m=10000 | k=30, n=74000, m=5000, | k=30, n=140000, n=10000
UBy=.0271, UBy =148, | UBy=0175, UBy'=0727 | UBy=.0188, UBy =.1352, | UBy~.0064, UB; =.0393,

A=1.049, A=1.121, =45 A=2.527, A=2.650, c=4 | A=1.687, A=1.782, ¢=.493 [ 1o=1.357, A=1.423, c=.467

i | Polya- Comp.  Exact | Polya- Comp. Exact | Polya- Comp. Exact | Polya- Comp. Exact
Aeppli  Poisson  value | Aeppli Poisson value | Aeppli Poisson value | Aeppli Poisson value
0 3259 3503 3457 | .0707 0799 L0816 | .1683 1852 1857 | 2411 2575 2625
1 5268 5650 5627 | 1831 .2068 2082 .3203 3521 3531 4240 4527 4590
2 .6792 7228 7200 | 3173 3559 3595 4639 5070 5105 .5788 6148 6211
3 7884 8302 .8295 | 4541 5036 .5093 5892 .6383  .6420 | .7009 7389  .7447
4 .8635 .8994 .8999 | .5797 .6344 L6386 | .6927 7427 7442 7927 8285 .8339
5 9136 9420 9428 | .6870 7412 7462 7748 8217 8209 | .8593 8902 8944
6 9462 9673 9676 | 7735 .8231 8277 | 8379 8793  .8777 | .9061 9314 9345
7 9669 9820 9824 | .8402 .8827 .8867 | .8851 9199  .91/80 | .9383 9579 9605
8 .8898 9243 9273 9197 9478  .9460 | 9600  .9747  .9766
9 .9255 9524 .9543 .9445 9666 9654 | 9744 9850  .9860
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