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Abstract

In this article we consider a simple risk model and study the occurrences of clusters of
threshold exceedances by the individual claims. The statistic used to study the model is the
discrete multiple scan statistic.

A compound Poisson approximation is established and certain asymptotic results are ob-
tained for both the risk model and a similar in nature financial problem. Finally, we review
two typical examples from areas of applied science where the outcomes of this article may have
beneficial impact.
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1 Introduction

Let Y;,i = 1,2, ... be independent and identically distributed (i.i.d) random variables denoting the
claim sizes in a specific portf olio, © > 0 a given threshold and

1if YVi>u .

the associated Bernoulli variables (indicating whether the i-th claim exceeds threshold w or not)
with success probabilities p = E(X;) = P(Y; > u). Let us assume that, due to delays in claim
settlements, there are always k unprocessed claims. The event of having r or more threshold
exceedances in the batch of unprocessed claims may signal a risky situation for the portfolio in the
sense that a penalty could be placed to the company by the inspection authorities, or a reinsurance
plan should be considered. Manifestly, the waiting time (number of claims) till the company
experiences the m-th risky situation can be described as

n—k+1
Vi = min{n : Z Iy o0)(Si) = m}
=1
where
i+k—1

Si= Y Xji=12..
j=i
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is a k-scan process enumerating the number of exceedances of threshold « in a moving window of
size k.

A random variable closely associated to V;,, is the number W, of risky situations till the
appearance of the n-th claim (n is a fixed integer), namely

n—k+1

Wy = Wn,r,k,p = Z I[r,oo) (SZ)
=1

Apparently, P(W,, < m) = P(V;, > n), and the investigation of the distribution of either of
the random variables W, V,,, would be quite useful for understanding the aforementioned model’s
behaviour and maintaining an effective policy for the company.

Another instance where the statistic W, is of special importance arises when the null hypothesis
of uniformity in claim exceedances is to be tested against the following alternative hypothesis of
clustering: there exists at least one subsequence of k consecutive claims Y;,i = 49,49 + 1, ..., 50 +
k —1 with P(Y; > u) = po > p. As Glaz and Naus (1991) indicated, the generalized likelihood
ratio test for checking the above hypothesis, rejects the null hypothesis of uniformity whenever
maxi<i<pn—k+19 > 1, i.e. when W, # 0, the value of r being determined from the significance
level of the test. Since the exact size of the statistic W, is expected to be more informative for
detecting departures from the null hypothesis, it seems plausible to consider critical regions of the
form W,, > ¢ and adjust r and ¢ so that the desired significance level is attained. This approach
offers increased flexibility in the test procedure, due to the presence of an additional parameter to
play with.

It is of interest to note that

]3(19.1;11;1_}(]“rl Si<r)=PW,=0)=P(Vi >n)

i.e., the probability mass function of W,, at 0 determines the cumulative distribution of the max-
imum number of successes in a fixed length window of size k. Theoretical developments related
to the distribution of the statistic maxj<j<n—x+1 5;, which is known in the statistical literature as
discrete scan statistic or maximum generalized run, can play an important role in the analysis of
the so-called ”maximum drawdown” problem in finance. More generally, the statistics W,, and V,,
could be fruitfully exploited in the study of risk-related financial data (e.g. exchange rates or stock
market prices) where the question of maximal loss (or gain) over a fixed length time window is of
crucial importance. A discussion on this subject along with a list of applications in other disciplines
is presented in Sections 4 and 5.

The statistic W,,, in the form of a random variable enumerating the (overlapping) moving win-
dows of fixed length k£ which contain at least r successes in a prespecified number n of Bernoulli
trials, has been recently introduced in the statistical literature under the name multiple scan statis-
tic. Although quite accurate approximations are available by now for the probability mass function
of W, at 0 (for a review see Chen and Glaz (1999)) when the question comes to the whole dis-
tribution of W,,, the problem becomes extremely complex. Koutras and Alexandrou (1995) have
described a method to obtain the exact distribution of W, by invoking a Markov chain imbedding
technique; however, this approach becomes unwieldy for k£ and r of moderate size while its compu-
tational complexity for large k,r and n renders the whole procedure as non-feasible. As indicated
by Chen and Glaz (1997), it seems extremely difficult to establish product-type approximations



or bounds for P(W,, < m),m > 1; on the other hand, since windows with high concentration of
successes tend to occur in clumps (that is, they appear in the form of local groups), one expects
intuitively that ordinary Poisson approximations would naturally give poor results.

The last observation reveals that, a compound Poisson approximation for W,,’s distribution,
may be more suitable than a standard Poisson approximation. This is the primary object of the
present work which is organized as follows: In Section 2 we introduce all necessary notation along
with a general result on compound Poisson approximation which will be used for the investigation
of the distribution of W,,. In Section 3, an upper bound is derived for the (Kolmogorov) distance
between the distribution of W,, and an appropriately selected compound Poisson distribution, and
the asymptotic behaviour of W,, as n — oo is examined. Extensive numerical experimentation was
also carried out to investigate the quality of the approximation and bounds. In Section 4, motivated
by a financial problem, we establish an additional asymptotic theorem, and apply it in two special
cases, which lead to appealing Weibull and Erlang convergence results. Finally, in Section 5, two
attractive applications from the areas of Reliability and DNA sequencing are described in some
detail.

2 Preliminaries

The Kolmogorov distance between the distributions of two random variables X and Y is defined as

d(X,Y) =sup|P(X <w)—P(Y <w)|

and offers a very efficient tool for establishing convergence in distribution; a sequence of random
variables converges to Y if the corresponding sequence of distances converges to 0. The following
two elementary properties of the Kolmogorov distance will be proved useful in the sequel

d(X,2)
d(X,Y)

< d(X,Y)+d(Y, Z) (2)
< max{P(X <Y),P(Y < X)} <P(X #Y). (3)
By the term compound Poisson distribution with parameter A and compounding distribution F,
we shall refer to the distribution of a random sum of the form Zf\il Z; with N being a Poisson
random variable with A\ = F(N) and Z; being i.i.d random variables (also independent of N') whose
distribution function is F.

The main result of the next section, which consists the milestone for the investigation of the
claim exceedances model introduced in this article, is an application of a general theorem on
compound Poisson approximation published recently by Boutsikas and Koutras (2001). For the
purposes of the present exposition, we shall retain a simplified version of their result which is more
than adequate to meet our needs.

Consider first a sequence of non-negative random variables Z,,a = 1,2, ... . For each a = 2,3, ...
introduce a subset B, of {1,2,...,a — 1} (left neighborhood of dependence of Z,) so that Z, is
independent of all Z;,b € {1,2,...,a — 1}\ B,. The next theorem provides an upper bound for the
Kolmogorov distance between the distribution of the sum >, _; Z, (v a fixed positive integer) and
a compound Poisson distribution C'P (A, F') with suitably chosen A, F.



Theorem 1 (Boutsikas and Koutras (2001)). If Zy,a = 1,2,...,n is a sequence of non-negative
random variables, then

d(iZa,CP()\,F)> < i P(Zy>0,Y Zy>0)+P(Zy > 0)P(> Z,>0) | (4)
a=2

a=1 beB, beB,

1« >
+§ZP(Zi>O)

=1
where X = Y"_, Ay, and F(z) =+ Y A\ P(Z, < 2|Zy > 0),2 € R, Ay = P(Z, > 0).

In common language, Theorem 1 states that, if the random variables Z,,a = 1, 2, ... are " weakly”
dependent and the masses of their distributions are concentrated on 0, then Y © | Z, can be
satisfactorily approximated by an appropriate compound Poisson distribution.

In the next sections, the standard notations ~,o(-),O(-) will assume their usual meaning and
I4(-) will denote the indicator function of the set A, i.e.

) B f@)
()~ g(t)ast — toif Jim = F(t) = o(g(t) ast — toif lim o
f@&) = O(g(@)) if % is bounded, I4(z)= { 01 oltfhjrvflsi

In addition, summations of the form Z;’:a x; with a > b, will be assumed to vanish.

3 The compound Poisson approximation

In this section we assume that X;,i = 1,2,...,n is a sequence of i.i.d binary random variables with
fixed success probabilities p = P(X; = 1) =1—-P(X; =0) =1—g¢q,¢ = 1,2,...,n. Our primary
objective is to approximate the distribution of the multiple scan statistic

n—k+1 n—k+1 z+k 1

by an appropriate compound Poisson distribution, and establish asymptotic results for large se-
quences (n — oo) and small success probabilities p.

As already mentioned in the introduction, the need to resort to compound Poisson distribution
(instead of ordinary Poisson) arises from the fact that, the windows of size k containing at least r
successes (i.e. generalized runs), tend to occur in clumps; hence, should a specific window include
at least r success, it is highly probable that the neighboring windows will share the same property
as well. For example, suppose that » = 3,k = 4 and that a generalized run begins at position i =7
as indicated in the next realization:

X: 001000101110100000100101 ...

i 1 234567 8 91011121314151617 18192021 222324 ...



Then, with probability p there will also be a generalized run beginning at position ¢ + 1 = 8, with
probability 2p — p? a generalized run beginning at position ¢ + 2 = 9 and so forth. Note that, in
this case, the unconditional probability that a generalized run occurs at any given position equals
4p® — 3p*, which is much smaller than p and 2p — p? for p — 0.

The next theorem exploits an efficient declumping technique and the outcome of Theorem 1 to
establish a compound Poisson approximation for W,, and develop an upper bound for the error (in
terms of Kolmogorov distance) incurred by it.

Theorem 2 Let A = (n — k + 1)(T 1)p’“qk ™1 and F be the distribution function of a discrete
random variable on {0,1, ..., k}, defined by

min{k—z—1,r—1} T k—z—1
F(I‘) - 1_ Z (w—r+j+l)( J ) (6)

k—1
j=max{0,r—z—1} (r—l)
r—r+j
x e—rtjtlr—j-1 g _ & e (x+1)q Jipicl
X((m—r—i—j+1>q P +( r—r+7+2 ZZ;
forx=1,..,k—1,F(0)=0,F(k)=1. Then
k
k k—1
d(Wn, CP(\,F)) < (A+1)Z< >p’q’“ L (ABk—=1)4+k—1) <T_1>pqu—r+1

— min{r—2,b—2}

2 S SN (LN [ (o e BT

b=2 i{=max{0,r—k+b—1}
pZT i— 1q2k b—2r+i+3 =UBRB

Proof. A standard declumping procedure (see e.g. Barbour et al. (1992)) for W), is offered by

expressing it as W,, =3 "~} R Cy where
n—k+1 J
j=1 m=1

n—a—k+2a+j—1
Ci = (1-Tpo)(Sa1)) D ] Tiroo)(Sm)s a=2,3,..on—k+1

enumerate the size of a clump (consecutive windows with at least r successes in each one) starting
at position @ = 1,2,...,n — k + 1. Nevertheless, the declumping technique to follow appears to be
preferable on grounds of simplicity, since a more easily calculated bound for d(W,,, CP(\, F')) pops
up if this technique is launched instead of the standard one.
Let us first expand the original sequence of i.i.d variables X; to the whole set of integers by
assuming that
p=PX;,=1)=1-P(X;=0)=1—g¢q, i € Z.

Define next the ”truncated” declumping variables
k 7—1
Cy = (1 — I[mo)(Sa,l)) Z H I[mo)(Sm), a=12,..n—k+1
j=1

at+j—
m=a



n—k+1
a=1

and observe that the random variables Wy, and )
one of the following three outcomes:

i) A clump of at least k£ + 1 consecutive windows of length & (containing at least r successes
each) has started at the first n — 2k + 1 trials. In this case we have W, > Zz;fﬂ C, and the
corresponding probability is upper bounded by

C, differ only on the event of experiencing

n—2k+1 n—2k+1
Z P(Sifl <Ta‘5’j Zh j:Z,,l+]€) < Z P(Sifl <T>Si ZT)P(SH-k ZT‘)
=1 =1

ii) A clump of length greater than n — k + 2 — a has commenced at trial a, for a = n — 2k +
3,....,n—k—+ 1. In this case W,, < Z"fkﬂ C, while an upper bound for the overall probability

a=1
associated with these situations is given by

n—k+1 n—k+1
Y P(Sia<nSizr j=d.on-k+2)< > P(Sia<nSi>r)
i=n—2k+3 i=n—2k+3

iii) A clump has started before trial 1 and was extended at least till the window starting at trial
1. In this case we have W,, > Z"_kH C, with the associated probability given by

a=1
P(S()ZT‘,;S&ZT)SP(SHZT).
The foregone analysis may be used in conjunction with inequality (3) to write

n—k+1 n—k+1

AW, Y Ca) < P(Wn# Y Ca) 8)
a=1 a=1
< ((n—2]€+1)P(5’1ZT)+k—1)P(Cl>0)+P(SlzT‘).

Let us next apply Theorem 1 for the declumping random variables C,,a = 1,2,....,n — k + 1.
On choosing the left neighborhoods of dependence as B, = {max{l,a — 2k + 1},...,a — 1},a =
2,3,...,n —k + 1 it can be easily verified that C, is independent of Cy,b € {1,2,...,a — 1}\ B, and
since all Cy,a = 1,2, ... are identically distributed we conclude that A\, = P(C, > 0) = P(Cy > 0)
for every a =1,2,....,n — k + 1. Hence,

P(Cy >z +1)
— _ = < =]1-—— =
A=(n—-k+1)P(Cy >0), F(x) =P(Cy <z|C; >0)=1 PGS0 r=0,1,...,k (9)
and inequality (4) takes on the form
n—k+1 n—k+1 a—1
d( Y Ca,CP(\F) < > > (P(C, > 0,Cy > 0) + P(Cy > 0)P(Cy, > 0))
a=1 a=2 b=max{l,a—2k+1}
5(n—k+ )P (C) > 0)?
2k—2
< (n—k) Y P(Coy >0,Cy>0)+2k(n—k+1)P(Cy > 0% (10)
b=1



By virtue of the triangle inequality (2) we may write

n—k+1 n—k+1
d(Wn, CP(\, F)) <d(Wp, Y Ca)+d( Y Ca CP(A\F))
a=1 a=1

and an upper bound for d(W,,, CP(\, F')) is obtained by summing up the right hand sides (RHS)
of inequalities (8) and (10).

Therefore, in order to complete the proof of the theorem, we need to derive explicit expressions
for the quantities P(Cy > ¢),c =1,2,...,k and 212;212 P(Cy, > 0,Cp > 0). Elementary arguments
reveal that, for c=1,2,..., k,

P(Cl ZC)

m+k—1
= P(So<r,Spm>rm=12.,c) (ZX <, Z X, >r,m=1,2,. )
k—c c—1 m—+k—1
= ZP(ZX<T a:ZX—i— ZX>T—$ m=1,2,. >P<ZXZ':$>
k—c c—1 m—+c—1 o
= ZP(Z X)) >c—r+ax+1, Z 1—Xi)<C—T+m—|—1,m:1,2,...,c>

=0 i=m

xP (Z X; = :r)
k—c E—

— ZfCTerJ’,l’C’q(QC)( . )p‘qu c—x
x=0

where f; . q(-) denotes the probability mass function of the waiting time until the sum of the 1 —X;’s
in a window of length c is as large as s. Replacing fe—riz41,c4(2¢) by the aid of Glaz and Naus
(1991) formula

s—2

q c 1 s—1,.c—s c 1 s—1,c—s § : c 1 i, c—1—1
f + — < <
s C7q(20) S <S 1>q P (Sp (S 1 q P (8 CQ) i qp ) 1 SSS¢

=0

(fs,eq(2¢) =01if s > c or s < 1), and carrying out straightforward algebraic manipulations, the
next expression for P(Cy > ¢),c = 1,2, ..., k results

min{k—c,r—1}

P(Ciz¢) = plgit Y <cf;ix> (kz ; c) (1)

r=max{0,r—c}

c—1 cq el e
- c—r+x, r—r 1 - ipe—1—i|
x[(c—r—l—x)q P c—r—i—m—l—l) ; < 1 )qp ]

The desired formulae for A and F(z) are direct consequences of formulae (9) and (11) (note also
that P (C7 >0)=1,P(Cy > k+1)=0and P(Cy > 0) = (*])prgh+1).



It remains to identify an explicit expression for the sum appearing in the RHS of (10). Observe
first that

k—1 k—1
ZP(C[, > 0,09 > 0) = ZP(Sbfl <71,Sy >1r)P(Sop—1 <1, Sox >1) = (k—1)P(Cy > 0)2
b=1 b=1

and argue in a way similar to the one employed for the analysis of P(Cy > ¢), to prove that

N
E

-2
P(Cb > 0,Cy > 0)

TV@-
TT
e

-1

= ZP(C[, >0,Crt1 > 0) = P(Sp—1 <7, Sy >71, Sk <71,Sky1>7)
b=1 b=1
k—1 b+k—2 2k—1
= P(Xpo1=0, Y Xj=r—1LXpe1=1,X,=0, Y Xj=r—1Xg=1)
b=1 j=b j=k+1
k—1min{r—1,b—2} k-1 k+b—2
= Y PXp1=0) Xj=r—i-1,X,=0, Y X; =40, Xppp1=1,
b=2 i=0 j=b j=k—+1
2k—1
VY Xj=r—i—2, Xy =1)
j=k+b
min{r—2,b—2}

k-1
b=24

' ' . il 2mb—2rit3,
r—i—1 ? r—i—2
This concludes the proof. m

It is worth mentioning that for » = k& Theorem 2 implies that

=max{0,r—k+b—1}

d(Wp, CP(A\F)) < A+ 1)pF + (ABk — 1) + k —2) pFq

where A = (n —k +1)pFq, and F(2) =1—p* forx = 1,....k— 1, F(0) = 0, F(k) = 1. This offers an
upper bound for the Kolmogorov distance between the distribution of the number of overlapping
success runs of length k in a sequence of n Bernoulli trials and a compound Poisson with geometric
compounding distribution (Polya-Aeppli distribution). For comparable bounds established by the
aid of the celebrated Stein-Chen method (for both Poisson and compound Poisson approximations)
the interested reader might consult the excellent monograph by Barbour et al. (1992).

An immediate consequence of Theorem 2 is the following asymptotic result which describes

W,’s weak convergence to the compound Poisson distribution as n — oo,p — 0 with k,r kept
fixed.

Theorem 3 Assume that k,r are kept fivzed while n — co,p — 0 so that A, = (n—k+1) (ff:})p’"qk”drl

— X € (0,00). Then W,, converges weakly to a compound Poisson distribution with parameter A
and compounding distribution

(",

(o))

F(z)=1- r=12..,k—r F0)=0Fk—-r+1)=1



Proof. Under the assumptions made, it can be easily verified that, for the upper bound UB
of Theorem 2, we have

k E_ k— b 2)
UBN()\+1)<> ()\(3k—1)+k:—1)( ) Z
" b= r 1)
with the last term vanishing for r = k. Hence U B is asymptotically equal to
(BA+ 1) kp* = O(p")

for r = k while

UB ~ AZ (b)() 2 p=0(p)

for » < k. In both cases, the upper bound U B converges to 0 as p — 0 and the proof is completed
by observing that

};%F(x)zl_ (k—l) ,x=1,2 .., k—r, zl)lg(l)F(k:—r—&—l):

[ ]
Employing the Pascal formula for binomial coefficients, it follows that the probability mass
function corresponding to F'(x) admits the expression

k—z—1
( 7‘32 )
k—1\
(r—l)
It is of interest to note that, in the special case r = 2 < k, f(x) reduces to the discrete uniform
distribution on the integers 1,2, ...,k — 1. Also, for k = r, the compounding distribution becomes
degenerate (with all its mass being concentrated at 1) and the limiting compound Poisson law
CP(\, F) reduces to an ordinary Poisson distribution.
For the benefit of the practical minded reader, we mention that, the numerical calculation of
the asymptotic probability mass function fyy(z) = lim, e P(W,, = x) could be performed by
launching the following efficient recursive scheme

flz) = r=12.. k—r+1 (12)

fw(©0) = e,
fw(z) = j—f(f)ii(k;i;1>fw(x—i), r=12,.. (13)

=1

(see e.g. Bowers et al. (1997), Theorem 12.4.3).

Chen and Glaz (1999), following the approach in Roos (1993) and Glaz et al. (1994), suggested
several compound Poisson approximations for the distribution of W,,. The starting point for their
approach was an approximation of the probability P(W,, = 0) by an expression of the form

PW,=0)=1-P(W,>1)~exp | —Y A (14)
i>1



with the parameters A} being appropriately chosen (such an approximation can be demonstrated
rigorously by theoretical arguments contained in Barbour et al. (1992) and Roos (1993), (1994)).
Then, they suggested extending this formula to the whole distribution of W,,, by considering ap-
proximations of the form

z—1 2%— 1 2%—1
PWp>x)~1— Z Z H exp (— Z A:) (15)
=0 \ 2t 135 i=1

with Af being exactly the same as the ones engaged in formula (14). As indicated by Chen and
Glaz (1999), if the interest is focused on P(W,, > 0) = 1 — P(W,, = 0), product-type approx-
imations are preferable (as compared to compound Poisson approximations) on grounds both of
accuracy and simplicity. However, when the question comes to the evaluation of the whole dis-
tribution, i.e. the quantities P(W,, > z),z = 1,2,... product-type approximations are extremely
complex (if feasible); this remark seems to have led Chen and Glaz to coin the ”heuristic” com-
pound Poisson approximation (15), which however has the disadvantage that no error estimates are
available for achieving an assessment of the maximum discrepancy between true and approximate
values. This deficiency can be resolved by the use of Theorem 2. In addition, extensive numer-
ical experimentation revealed that, the approximation suggested by Theorem 2, performs better
than the approximations provided by (15). In Table 1, numerical results are presented for three
of the four approximations tabulated by Chen and Glaz (1999) (the forth one was omitted, since
its performance is very poor): CG1l, CG2, CG3 refer to approximations of the form (15) with A}
defined respectively by (2.32), (2.34), (2.36)-(2.38) therein. Here, the same choice of values of the
parameters was used as in Chen and Glaz (1999), while the simulated estimates were recalculated
in order to arrive at more accurate results (10% iterations were performed for each entry). The
column labeled as "CP(\, F')” contains the values of the approximation described in Theorem 2,
and the last column the uniform upper bounds (7); note that, in the first block, the upper bound
UB is useless, while in the rest of them it could be profitably used to gain interval estimates for the
survival function (or cumulative distribution function) of W),. Finally, the last row in each block
offers the mean relative error observed in each approximation, namely

> >
MRE — Z | Psim (W, > ) — appr(Wn Z $)|

1 szm(W >$)

A graphical illustration of the numerical results detailed above is provided in Figure 1.

In order to investigate the convergence of the aforementioned approximations to the asymptotic
distribution described in Theorem 3, we prepared Tables 2 and 3 where k,r and p were assigned
specific values (k = 10, r = 2,3 and p = 107%,7 = 1,2,3,4) while the value of n was computed by

the formula
n= |\ k-1 r(l N )k—r-i—l -
B AN T p p

so as the convergence condition A, — Ao is acquired. From the tabulated numerical results, it is
clear that, the approximation provided by Theorem 2 performs extremely well especially when p
becomes small and n sufficiently large.

Let us return back to the original claim model described in the introduction. The practical
meaning of Theorem 3 is that, should we wish to have a non-degenerate result for the total number

k-1

10



W,, of blocks of k consecutive claims with at least r claims in each block exceeding the threshold
u, we have to increase u = u, with n in such a way that n(P(Y; > u,))" converges to a positive
number.

Consider for example the case where the claims Y; follow a Pareto distribution, namely

P(Yigx)zl—(g)a, x>c(a>0,c>0).

If we choose u, so that u, ~ cﬁ*a_lrnﬁ (8 > 0), we obtain

and
k—1

r—1 r—1

A=(n—Fk+ 1)( > (P(Y; > upn))" (P(Y; < up))F" 1 = <k B 1)5.

Hence, by virtue of Theorem 3, W,, converges to CP(\, F) with A = (ﬁj) B and compounding
distribution with probability mass function given by (12).
If the claims were distributed according to the Weibull law

PY;<z)=1-¢"0" 2>0(a>0,0>0)

then it can be easily verified that

un—%(%ln(%—i—o(n)))a, 68>0

is an appropriate selection for the claim thresholds, so as a non-degenerate asymptotic result is
deduced. In this case we have

=

n

n(P(Y; > uy))" = Z 5 o(n)

— B

and it is immediate that W,, converges now to CP(\, F') with A\ = (ij)ﬁ

Apparently, the machinery developed in this section, could be effectively exploited as well if,
instead of Bernoulli random variables X; = I, ) (Y;),7 = 1,2, ... we considered sequences of the
form X; = I4(Y;),i = 1,2, ... for any Borel set A. A typical example, which is of intrinsic interest in
reinsurance studies, is offered by the choice of a layer of the form D = (Dy, Ds]; see e.g. Embrechts
et al. (1997).

4 An asymptotic result related to a financial problem

As mentioned in the introduction, the multiple scan statistic W, can play a remarkable role in
stochastic financial analysis. Binswanger and Embrechts (1994) point out that the asymptotic
results on the longest head run in coin tossing, or equivalently the longest success run in Bernoulli
trials, have been recently applied to the so-called "maximum drawdown” problem in finance. In

11



the sequel we shall formulate a more general model where the assessment of the loss (or gain) over
a fixed length time window is couched on the multiple scan statistic W,,.

Let us consider a trader at the stock exchange who is interested in identifying a drop-down
trend at the exchange rates within a certain time horizon of n days (the choice of ”day” as a time
unit is arbitrary here and could be replaced by any other unit). We assume that the exchange rates
Y1,Ys, ..., Y, at the n days are i.i.d random variables whose cumulative distribution function can
be expressed in the form

P(Y; <y) = (0y)* +o(y*), y >0 (16)

for y — 0, where 6 and a are positive parameters. There are quite a few distributions, in common
use in actuarial science and financial mathematics, which fall within the family described by (16);
for example, the exponential, Weibull, Gamma, Uniform are some typical examples.

For fixed u > 0, the k-scan process Z;j*l Li,)(Yj),i =1,2,...,n— k+1 can serve as an index
of ”local” drop-down trend in the sense that should its values tend to exceed a fixed level r, a
strong evidence is provided for drawdown movement of the exchange rates. Therefore, a reasonable
statistic for an overall assessment of a drawdown tendency, is offered by

n—k+1 i+k—1
W, = Z I[r,oo) Z I[O,u](ifj) (17)
i=1 j=i

and the risk of experiencing this unfavorable event would be measured by
Gn(u) = P(Wy, > m). (18)

It is not difficult to verify that G, (-) is a right-continuous increasing function with lim, .o Gy (u)
— 1; hence it defines a cumulative density function of a random variable say Y, that is P(Y(”) <
u) = Gp(u). It can be easily verified that the random variable Y () = Yk(:f)m can be viewed as the
smallest threshold u such that W,, = W, , ., > m.

We propose now to investigate the asymptotic behaviour of Y as n — co. Manifestly, for
fixed u the asymptotic distribution of Y™ is degenerate and therefore it seems sensible to look
for a suitable normalization that will give rise to a non degenerate limiting distribution law. An
answer to this question is offered by the next theorem, which is a direct consequence of Theorem 3.

Theorem 4 If H(:;k,r,0,a,u) is the cumulative distribution function of a CP(\, F),with A =
(k_l) (0u)® and compounding distribution

r—1
k—1—
( r—lm)
k—1
(r—l)
then the asymptotic distribution of Y (™) (suitably adjusted by the use of appropriate normalization
constants) can be expressed as follows

F(z)=1- ,e=1,2,..,k—r, F(0)=0,F(k—r+1)=1,

lim P(Y(") > n_l/mu) =H(m—1;k,r,0,a,u) (19)

n—oo
Proof. By the definition of Y (™ we may write

P(Y™ > p=Yray) = P(W, < m) (20)
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where
n—k+1 i+k—1

W, = Zl I o) Z X;
1= Jj=t

and Xj = Iy ,~1/ra,)(Y;) are binary random variables with success probabilities (see also (16))
E(X;) = P(Y; <n~Ym%) = (0u)*n~Y" + o(n=V/7)

(as n — 00). It follows that

n(BX)) = (0u)" + no()

and direct calculations on the sequence

k—1
r—1

- 1)( ) (B(X,) (1 - (X))

yield
A= lim \, = <k B 1) (Ou)7".

n—00 r—1

The proof of the theorem is easily completed by virtue of (20) and the outcome of Theorem 3. =

It should be mentioned that the evaluation of the cumulative distribution function H(-;k,
r,0,a,u) could be easily carried out by initiating a recursive scheme similar to (13) to facilitate the
computation of the corresponding values of the probability mass function.

In closing, let us proceed to the identification of the asymptotic distribution of Y™ in the
special cases m = 1 and k = 7. The meaning of the first case in the financial model described
earlier, is that a drawdown trend is declared if, in the time horizon under inspection, there exist
k consecutive days with the exchange rate being below w in at least r of them. We have then, by
virtue of (19),

Tim P(Y®) > 07 = H(O;k,7,0,a,u) = e~ (=)0 (21)
which reveals that the random variable nra V(™ follows asymptotically a Weibull distribution.
Consider next the case k = r, with the financial model signaling a drawdown trend on the
occurrence of m (overlapping) runs of k consecutive days with the exchange rate being below u
in all £ days. Now the limiting compound Poisson law C'P(\, F') reduces to an ordinary Poisson
distribution with A = (fu)?". Thus, by virtue of (19), we obtain

[y

m—

lim P(Y(”) > n—l/mu) — (60" Z [(Ou)?"]

n—00 x!
z=0

the last formula revealing that n(Y(”))‘" follows asymptotically an Erlang distribution with pa-
rameters m and 6°".
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5 Further Applications

In the analysis of the experimental trials whose outcomes can be classified in two exclusive categories
(success/failure, accept/reject, defective/non-defective etc.) a question that comes in naturally, is
whether reasonable criteria providing evidence of clustering of any of the two categories could be
established. One of the most commonly used statistic in such situations is the run statistic either
in the classical form (see e.g. Gibbons and Chakraborti (1992)) or in the form of success run of
fixed length. The random variable W, studied in the previous sections, is offering an efficient and
fascinating alternative test statistic in a variety of fields where the classical run criteria have been
traditionally in use. We shall now proceed to review two typical examples which are of intrinsic
interest.

Molecular Biology. When studying amino acid sequences, various classification schemes are in
common use, including a chemical alphabet of 8 letters, a functional alphabet of 4 letters, a charge
alphabet of 3 letters etc. In order to introduce quantitative means for assessing and interpreting
genomic inhomogeneities between sequences of different species or sequences subject to different
chemical infections and/or several levels of corruption, molecular biologists look for long aligned
subsequences that match in most of their positions and try to specify what is an unusually long
match. Following Glaz and Naus (1991), let Z;1, Z;2,i = 1,2, ...,n be two amino acid sequences from
a finite alphabet. The two sequences will be said to match in position ¢ if Z;7 = Z;9, in which case we
let X; be 1 (and 0 otherwise). It is evident that the occurrence of frequent ”almost perfect” matches
between the two sequences, corresponds to ”dense” scans in the sense that the associated k-scan
process S; = Z;J;’f_l Xj,i=1,2,... takes on values which are very close to k. Therefore, if r < k
is a positive integer not very far away from k, the multiple scan statistic W,, = Z?:_lkﬂ Tiy.00)(Si)
could serve as a local correlation index between the sequences Z;; and Z;5. Moreover, should the
interest be in establishing a procedure for testing the null hypothesis that matches are independent
with constant matching probabilities p = P(Z;1 = Zj2) = P(X; = 1),i = 1,2,...,n (against the
alternative that there exist subsequences of length k where the matching probability increases), a
rational critical (rejection) region may be established by an inequality of the form W, > ¢. The
theoretical results presented in this article are then of major importance in the determination of
constant ¢ so as a prespecified significance level is attained. Since the primary interest in this
situation is in extremely long sequences, the asymptotic outcomes derived in the previous sections
are expected to play a significant role in analyzing and interpreting real amino acid data.

Reliability Theory. A class of reliability systems, which has attracted considerable research
interest during the last decades is the so called ”consecutive systems”. A typical example is the
consecutive-k-out-of-n:F system which fails whenever at least k consecutive components fail. A
natural extension of this structure is offered by the r-within-consecutive-k-out-of-n:F system whose
failure requires the existence of a strand of k consecutive components containing at least r failed ones
among them. A slightly more general structure pops up if system’s failure was experienced upon the
appearance of at least m strands (probably overlapping) of the type described above. For fixed time
u > 0, we may visualize the structure as a sequence of n Bernoulli trials X; = Ijgj(Y3),7 = 1,2,...,n
(Y; is the i-th component’s lifetime); if Y™ denotes system’s lifetime, the reliability R, (u) can
accordingly be expressed as

Ro(u) = P(Y™ > ) = P(W,, <m) =1 — Gp(u)

where W, and Gy, (u) are given by (17), (18). For large i.i.d systems of this type, it can be readily
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checked that, if time w is fixed, R, (u) tends to 0 as n tends to infinity. It is natural then to ask
whether proper normalizing terms a, > 0 and b, could be identified so as the random variable
(Y™ —b,)/a, converges in law to a non-degenerate distribution. Exploiting Theorem 4 we may
state that, if components’ lifetimes satisfy (16) the raised question could be answered to the positive
and an appropriate selection for a,, by, is a, = n*/"*,b=0, n = 1,2, ... . For alternative approaches
of this problem in the special case m = 1, see Papastavridis and Koutras (1993) and references
therein.

Finally, a few additional areas where the notion of multiple scan statistic arises in quite a
natural way include quality control (scan-based control charts, Greenberg (1970), Saperstein (1973),
sampling inspection systems, Schmuelli and Cohen (2000)), signal processing (study of detectors
using moving window scanners, Glaz (1983)), ecology (study of spatial patterns in the diffusion
of species or spread of diseases), educational psychology (investigation of efficiency of transfer and
learning procedures) and non-parametric statistical inference (as an alternative to the pure run
criterion which is in common use in tests of randomness).
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Table 1. Compound Poisson approximations for the discrete multiple scan statistic

n  k p r]|x]|Sim10%] CGl CG2 CcG3 | cPo.F)| UB
100 10 005 2| 1 | 07483 | 0.7130 | 0.8474 | 0.7390 | 0.7248 | 1.047
2 | 07177 | 0.6520 | 0.7185 | 0.6836 | 0.6874
3| 0.6843 | 0.5946 | 0.6371 | 0.6314 | 0.6492
4| 0.6487 | 0.5407 | 0.5763 | 0.5824 | 0.6104
5| 06102 | 04904 | 0.5230 | 0.5367 | 0.5710
MRE 0.126523 0.091407 0.071981 0.04964
100 10 005 3 | 1 | 02263 | 02372 | 0.2489 | 0.2393 | 0.2379 | 0.0982
2 | 0.1908 | 0.1834 | 0.1843 | 0.1857 | 0.1942
3| 0.1582 | 0.1417 | 0.1424 | 0.1441 | 0.1563
4| 0.1282 | 0.1094 | 0.1099 | 0.1118 | 0.1238
5| 0.1013 | 0.0843 | 0.0847 | 0.0868 | 0.0963
MRE 0.101143 0.108085 0.088873 | 0.032954
100 10 005 4 | 1 | 00311 | 00328 | 0.0329 | 0.0328 | 0.0328 | 0.0074
2 | 0.0224 | 0.0213 | 0.0213 | 0.0213 | 0.0226
3| 0.0156 | 0.0138 | 0.0138 | 0.0139 | 0.0151
4 | 0.0105 | 0.0090 | 0.0090 | 0.0090 | 0.0098
5 | 0.0066 | 0.0058 | 0.0058 | 0.0059 | 0.0061
MRE 0.096645 0.097288 0.092332 | 0.047613
100 20 005 4 | 1| 0.1710 | 0.1853 | 0.1919 | 0.1859 | 0.1854 | 0.1448
2 | 0.1523 | 0.1586 | 0.1589 | 0.1594 | 0.1604
3| 0.1354 | 0.1358 | 0.1360 | 0.1366 | 0.1387
4| 0.1201 | 0.1163 | 0.1164 | 0.1170 | 0.1199
5| 0.1060 | 0.0995 | 0.0997 | 0.1003 | 0.1037
MRE 0.044181 0.052046 0.04444 0.037026
500 10 0.01 2| 1| 03272 | 03275 | 03971 | 0.3386 | 0.3321 | 0.0382
2 | 02999 | 02752 | 0.2843 | 0.2871 | 0.3025
3| 02721 | 0.2309 | 0.2359 | 0.2436 | 0.2725
4| 02431 | 0.1935 | 0.1976 | 0.2067 | 0.2421
5| 02136 | 0.1619 | 0.1654 | 0.1756 | 0.2113
MRE 0.136153 0.162302 0.10198| 0.007999
500 10 0.05 4 | 1 | 0.1541 | 0.1647 | 0.1653 | 0.1649 | 0.1647 | 0.0212
2 | 0.1150 | 0.1111 | 0.1111 | 0.1113 | 0.1171
3 | 0.0830 | 0.0749 | 0.0749 | 0.0751 | 0.0813
4 | 0.0579 | 0.0504 | 0.0505 | 0.0507 | 0.0548
5 | 0.0385 | 0.0340 | 0.0340 | 0.0342 | 0.0357
MRE 0.089341 0.089775 0.086696| 0.046759
500 20 0.05 5| 1 | 0.1977 | 02262 | 02270 | 0.2263 | 0.2262 | 0.0667
2 | 0.1705 | 0.1851 | 0.1851 | 0.1852 | 0.1865
3| 0.1461 | 0.1514 | 0.1514 | 0.1516 | 0.1537
4| 0.1250 | 0.1238 | 0.1238 | 0.1240 | 0.1267
5| 0.1062 | 0.1012 | 0.1012 | 0.1014 | 0.1043
MRE 0.064549 0.065358 0.064345 | 0.064302
500 20 0.05 6 | 1 | 0.0354 | 0.0397 | 0.0397 | 0.0397 | 0.0397 | 0.0076
2 | 0.0282 | 0.0297 | 0.0297 | 0.0297 | 0.0300
3| 0.0221 | 0.0223 | 0.0223 | 0.0223 | 0.0226
4| 00175 | 0.0167 | 0.0167 | 0.0167 | 0.0171
5 | 0.0137 | 0.0125 | 0.0125 | 0.0125 | 0.0129
MRE 0.063403 0.063403 0.063403 | 0.057835
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Figure 1. Compound Poisson Approximations for the discrete multiple scan statistic
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