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Abstract

Recursive and closed form upper bounds are offered for the Kolmogorov and the total vari-
ation distance between the standard normal distribution and the distribution of a standardized
sum of n independent and identically distributed random variables. The method employed is a
modification of the method of compositions along with Zolotarev’s ideal metric. The approx-
imation error in the CLT obtained vanishes at a rate O(n~*/2*1) provided that the common
distribution of the summands possesses an absolutely continuous part, and shares the same k—1
(k > 3) first moments with the standard normal distribution. Moreover, for the first time,
these new uniform Berry-Esseen-type bounds are asymptotically optimal, that is, the ratio of
the true distance to the respective bound converges to unity for a large class of distributions of
the summands. Thus, apart from the correct rate, the proposed error estimates incorporate an
optimal asymptotic constant (factor). Finally, three illustrative examples are presented along
with numerical comparisons revealing that the new bounds are sharp enough even to be used
in practical statistical applications.
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1 Introduction

One of the most remarkable results in the field of probability and statistics is the Central Limit
Theorem (CLT). Important role for the deeper investigation, as well as for the practical use of this
celebrated asymptotic result, plays the establishment of the associated rates of convergence. These
are usually expressed through asymptotic (Edgeworth) expansions or explicit (Berry-Esseen-type)
bounds. The former provide better asymptotic accuracy for the approximation error, but they
incorporate terms in the expansion which do not possess an explicit closed form (for example, are
expressed via o(n~P)). Therefore, Edgeworth expansions are practically useless for fixed values
of the number n of summands. On the other hand, Berry-Esseen-type bounds offer explicit ap-
proximation errors for every value of n, however usually these are very crude. The purpose of the
present paper is to unify the advantages of the two aforementioned approaches. That is, to develop
Berry-Esseen-type bounds which, for the first time, exhibit the same asymptotic accuracy as the
Edgeworth expansions, under certain weak assumptions.



Let X, X1, X2, ... be independent and identically distributed (i.i.d.) random variables (r.v.’s)
with EX = 0,EX? = 1 and E|X|? < co. Denote by F,, the cumulative distribution function (c.d.f.)
of the standardized sum n~1/2 >y X; and by @ the c.d.f. of the standard normal law. The
classical uniform Berry-Esseen theorem (see Berry (1941) and Esseen (1942)) states that
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for some constant C' > 0. The smallest known value of C' fulfilling the above is 0.7056 (Shevtsova

(2007)). If we further assume that X follows a non-lattice distribution then the one-term Edgeworth
expansion of the c.d.f. Fy, of n™1/23°" | X; is (for example, see Petrov (1995)),

sup | Fn(2) — &()] < € (1)
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uniformly in z. The above asymptotic estimate is better than the one implied by the Berry-Esseen
theorem (note that, sup,, ‘1 — 1‘2‘ e @/2 = 1). However, contrary to (1), the asymptotic expansion
(2) is useless in daily statistical practices where we are interested in estimates of the difference
F,(z) — ®(z) for a fixed value of n. For example, relation (2) cannot be exploited when we want to
determine the number n of summands needed for achieving a prescribed degree of approximation
accuracy. A comparison between Berry-Esseen-type results and Edgeworth expansions can be found
in Adell and Lekuona (2008); see also Seoh and Hallin (1997).

Traditionally, the standard way for establishing closed form error estimates in the CLT is
through Fourier analytic methods (for example, see Petrov (1995)) while several other alternative
methods were developed in the last decades. The most important among them are: (i) the approach
based on the elegant theory of probability metrics developed by V.M. Zolotarev and his colleagues
and students (for example, see Zolotarev (1997), Senatov (1998) or Rachev (1991) and the references
therein) and (ii) the celebrated Stein’s method, originally developed by Stein (1970) and extended
by many authors in various distribution approximation directions, including the case of dependent
summands (for example see Barbour and Hall (1984), Chen and Shao (2001), Barbour and Chen
(2005) and the references therein). We also mention the approach through covariance kernels
or w—functions (for example see Cacoullos, Papadatos and Papathanasiou (1997)) which can be
considered that is related to Stein’s method. But, despite the great interest and the vast literature
concerning Berry-Esseen theorems, to the best of our knowledge, until now there do not seem
to exist in the literature asymptotically optimal Berry-Esseen-type bounds. Note that, an upper
bound for some distance can be considered asymptotically optimal when the ratio of the bound to
the true distance converges to unity as n — oo. That is, the bound not only possesses the correct
rate of convergence but, in addition, it incorporates an asymptotically optimal constant (factor).
An attempt towards this goal was recently made by Adell and Lekuona (2008) who presented "near
optimal" Berry-Esseen-type bounds for the uniform distance between F, and ®. Their bounds
were obtained by substituting Esseen’s smoothing inequality by an inequality involving the second
modulus of continuity.

In the present paper, motivated by the comparison between Edgeworth expansions and Berry-
Esseen bounds, we develop recursive and closed form upper bounds for the uniform (or Kolmogorov)
and the total variation distance between the distribution of n~1/2 Yo, X; and ®. These bounds
are proven to be asymptotically optimal for a large class of distributions of the summands. More

F(z) = ®(z) +




specifically, suppose that EX® = EZ%,i = 1,2,...,k — 1 for some integer k > 3, where Z is a r.v.
following a standard normal law. Henceforth, the standard normal law will be denoted by N and
the law of a r.v. X will be denoted by £LX. If £LX has an absolutely continuous part, we derive an
explicit bound Rj, ,, for the uniform distance (R}, = R}, ,,,n = hm in Theorem 12 and Corollary
15 below) such that 7 v
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The quantity Hcp(i) Hoo denotes the Lo.-norm of the ith-order derivative of the probability density
function (p.d.f.) ¢ of N, and ¢, denotes the Zolotarev’s ideal metric of order k. As usual, the
notation a,, ~ b, implies that a,,/b, — 1 (or whenever a,, = 0 then b,, = 0 and vice versa). The last
equality in (3) is valid if, in addition, £LX and N are k-convex ordered (see Boutsikas and Vaggelatou
(2002)). This stochastic ordering can usually be easily checked, and seems to be satisfied by many
known distributions (see Remark 2 below). When k = 3 (that is, EX = 0,EX? = 1), a condition
that is always valid after standardization of the summands, relation (3) reduces to

C3<£X7N> _ |EX3‘
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The last equality is again valid when £X and N are 3-convex ordered (for example, when £X is the
gamma distribution; see example (a) in Section 5). Remarkably, the above asymptotic form of the
bound Rg ), is consistent to that implied by the Edgeworth expansions (see (2) above), and Rgj,
or more generally Ry, ,,, is indeed proven to be asymptotically optimal (see Corollary 15 below).

It is also remarkable that, when £X share higher order moments with A/ (that is, k > 3), the
vanishing rate of Ry, is amplified. If, for example, £X is symmetric, then EX 3 = 0 and therefore,
after standardization of X, relation (3) is valid for some k at least equal to 4 (see example (b) in
Section 5 regarding the uniform distribution).

Analogous results are proven for the total variation distance d, between the law of the stan-
dardized sum of n X;’s and N (see Theorem 5 and Corollary 8).

Finally, it is worth pointing out a shortcoming of our bounds. They are applicable only when
the distribution of X;’s is already relatively close to standard Normal. Fortunately, we can always
overcome this situation as will be explained in Remark 3 below and practiced in the examples
section.

For the proof of our main results we proceed to a refinement and an adaptation to the con-
tinuous case of the method employed by Boutsikas and Vaggelatou (2009) for compound Poisson
approximations. This approach is based on the method of compositions and the theory of probabil-
ity metrics, exploiting certain smoothing inequalities satisfied by Zolotarev’s ideal metric. Hence,
it can be considered as a modification or refinement of the method described by Senatov (1998,
Section 4.1); see also Rachev (1991, Section 14.3) and the references therein.

The paper is organized as follows. In the Section 2 we present all necessary notations and
auxiliary results needed for the exposition of our main outcomes. In the main results section
(Section 3) we offer recursive and closed form upper bounds for the Kolmogorov and the total
variation distance of interest, along with some results guaranteeing asymptotic optimality. The
proofs of the main results, together with all necessary lemmas, are postponed to the next Section 4.
The applicability and the performance of our main results is investigated by way of three illustrative
applications in Section 5.

sup |[F(z) — ®(2)] < Rg,, ~



2 Preliminaries - Notations

(i) Probability metrics. The wuniform or Kolmogorov distance and the total variation dis-
tance between the distributions £X and LY of two r.v.’s X and Y are defined respectively by
p(LX,LY) = sup,ep |Fx(x) — Fy(x)| and

d(LX,LY) = sup |P(X € A)— P(Y € A) /\fX (2)]dz (@)
AEB(R)

where, as usual, F'x denotes the c.d.f. of the r.v. X. The second equality above holds true when

the r.v.’s X, Y possess Lebesgue densities fx and fy respectively. Moreover, d(Lf(X),Lf(Y)) <

d(LX,LY) for every measurable f and thus if £LX ~ LY with respect to d, then, with the same

accuracy, Lf(X) ~ Lf(Y). The Zolotarev’s ideal metric or total variation distance of order s € N

(see Zolotarev (1983)) is defined by

C(LX,LY) = (_11),/ |B(X — )5 —E(Y — )51 dt,
—00

(where y7 def (max{y,0})*) which can be finite only when EX’ = EY7, j = 1,2,...,s—1. The latter
condition assures also that {,(£LX, LY) < (E|X|® + E|Y'|®) /s!. Throughout, for simplicity, we shall
allow an abuse in the notation and write X instead of £LX in p,d or {,. It is worth mentioning
that the metrics d, p and ¢, are ideal metrics of order 0,0 and s respectively and hence, they
possess the reqularity, the homogeneity and the subadditivity property for independent summands
(for example, see Rachev (1991), p.264). Thus, for example,

(czn:Xi,czn:}ﬁ)gcszn:CS(Xi,l@), n,s €N, ¢>0, (5)
i=1 i=1 i=1

for independent X;’s and Y;’s. For a comprehensive exposition of probability metrics and their
properties see Zolotarev (1997), Senatov (1998) or Rachev (1991) and the references therein.

(ii) Derivative norms of the standard normal density. Denote by ¢ the standard normal
density and by

N

k=01, ..

the L1 and the Lo, norm respectively of (¥, the kth derivative of ¢. It is well known that

—x2/2
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V(@) = (-1)* Hi(2), (6)

where
k/ 2] )z k—2i

_ k x2 2 % d 7I

denotes the Chebyshev-Hermite polynomial of degree k (e.g. see Petrov (1995)). In particular,
Ho(z) = 1, Hi(z) = o, Hao(x) = 2% — 1, H3(z) = 23 — 3, Hy(x) = 2* — 622 + 3, etcetera. It is easy

to verify that,
o0, = | [ oo [ o] = .
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If ¢, o2 denotes the density of the normal distribution with mean p, variance 0?2, then

o] = e .- ®

(iii) s-convex ordering. A r.v. X is said to be s-convex smaller than a r.v. Y (denoted by
X <s—ex Y, or LX <50y LY, s € N) if E¢(X) < E¢(Y) for all regular s-convex functions ¢, (that
is, all ¢ : R — R such that their sth derivative, qb(s , exists, is nonnegative and continuous) for which
the expectations exist. Denuit, Lefévre and Shaked (1998) offered the following characterization of
the s-convex orders.

&

o2

-

o0

Proposition 1 If X,Y are two real valued r.v.’s such that B|X|*71 E|Y|*~! < oo, then

EX*F =EY*, k=1,2,...,s—1, and

<
XS o | mx o it < B B o e e

Moreover, if X <;_ ., Y then EX® < EY*® (in this case, EX® = EY* implies that X =; Y).
Denuit, Leféevre and Shaked (1998) generalized some well known properties of the usual convex
orders (see for example, Shaked and Shanthikumar (1994)) in the s-convex orders. In particular,
they proved that the s-convex orders are closed under mixtures, convolutions, compounding and
they are preserved under limits. It is remarkable that, when X <, ., Y, the distance { (X,Y)
takes on the following simple form (see Boutsikas and Vaggelatou (2002)),

EY® - EX?®

C(X.Y) = =

,s=1,2,.... (9)

3 Main Results

In what follows we assume that X, X1, Xo, ... are i.i.d. r.v.’s and we shall use the notations,
S S
ds:d<\}g zlezyN)a ps:p<\}g Z:IX”L:N)v Cs:Cs(X7N)a 3:1727"'7
1= 1=

(do = py = 0), where N denotes the standard normal distribution. We shall also denote by
w; the ith moment of N. We remind that puy = 0, puy = 1, us = 0, py = 3, and generally,
o = (221?, JHoi—q1 = 0,2 = 1,2,... . By M, we shall denote the class of all distributions with the

same first kK — 1 moments as ./\/ ie. LX € My when EX® = p;,i=1,2,....k — 1.

3.1 Bounds for the total variation distance

We begin with results concerning the total variation distance which, apart from their indepen-
dent interest, are essential for the establishment of the relevant results regarding the Kolmogorov
distance. The first theorem we present, furnishes a recursive inequality satisfied by d,, when the
summands possess the same first k—1 moments as AV. Its proof employs Lindeberg’s decomposition
and smoothing inequalities of Lemmas 16, 17 (see Section 4).

Theorem 2 If LX € My for some integer k > 1, then

(k)
T



The above recursive scheme produces an upper bound for d,, in terms of d; = d(X,N) and
¢, = €1 (X, N). In practice, if the explicit values of d; or ¢, cannot be analytically evaluated in
order to initiate the recursions, they can be upper bounded (for example, via the approach proposed
by Cacoullos, Papadatos and Papathanasiou (1997) for d;) or they can be numerically evaluated.

For small k, the explicit value of Hgo(k)” appearing in (10) can be derived using standard but
lengthy and tedious calculus techniques. For large k it can always be accurately approximated via
numerical integration. For example, after lengthy algebraic manipulations, we find

(3) — 24872 H (4)H _ =3—V6 oV6,/3_\/64/3+/6 ~
HSO H o 1.510013, %) 4e 2 NITE 2.800600,
) 3V 160 T (V2+v5—(v2-V5)evD)
l+®| = - ~ 5.910086. (11)

We can also approximately find ||<p(6)H ~ 13.8156, HgomH ~ 35.1479, Hgo(s)H ~ 96.11237.

It is worth stressing that the recursive bound derived from (10) converges to zero only when
k > 3 and the distribution £X of the summands is relatively close to AV, that is, when dy = d(X, N)
and ¢;, = ¢,(X, N) are relatively small. For example, when k = 3, numerical experimentation shows
that the recursive bound of Theorem 2 vanishes when the point (dy, ¢3) of R? lies roughly within the
triangle with edges (0,0), (0.5,0),(0,0.2). In the following definition we offer an explicit condition
which guarantees the aforementioned distributional closeness. We shall be invoking condition A(k)
in order to deduce vanishing upper bounds for d,, (see Theorems 4, 5) or p,, (see Theorem 12).

Definition 3 The distribution LX of a rv. X, with LX € My for some k > 3, satisfies the
condition A(k) when

dof 2k/2+1d1

— —k/2-1 et £ C1 H (k)H
d; =d(X,N) <2 and ¢y, [T and, + 0k (||| Gk < 1,
where
5\3/2 4 1(5)3/2 1 _ 3 k/2+1 _ 1) 9k/2+1 J, —
aet | (37 +5(3)7% k=3 def (4/3) 1)2 k=34
e { Tty and acs a 2k/2+1,) k> 5. (12)

Apparently, a closed form bound for d,, would be much more convenient than a recursive one.
Such a bound is offered by the next theorem for i.i.d. X;’s having the same first £ — 1 moments as
N with k > 3. This is not a restriction since the r.v. (X —EX)/vV X fulfills this requirement at
least for k = 3. The closed form bound is proven inductively (see Section 4) by the aid of (10) and
it is asymptotically equivalent to (albeit slightly worse than) the recursive bound of Theorem 2.

Theorem 4 If LX € M, for some integer k > 3 and LX satisfies condition A(k), then

n ™ ¢k
dn < (n —1)k/2 2(1 — &)

1
+ 5 (2dy)" Dy, n>2. (13)

In the next theorem, we construct a slightly more complicated bound in which the asymptotic
constant is equal to H(p(k)H ¢1/2, that is, g in the denominator of (13) no longer appears. We
achieve this by appropriately applying twice the result of Theorem 4 (see Section 4).



Theorem 5 Let LX € My, for some k > 3 and LX satisfies condition A(k). Denote

_ 2Dy, O [le™| Gk
Ckm = 1+ arDim mk/2—1

where O, ay, and Dy, m > 2 are defined in (12) and Theorem 4 respectively (Dy 1 def dy). For
m > 1 large enough such that €, < 1,Dy p < 27k/2=1 and for h > 2, we have that

_ 1y\—k/2 h
dy,, < (1 HSO HCk +(2Dk,m) def Dz,h,m' (14)

2(hm)’“/2*1 (1-ctm) 2

The bound Dj , is better than Dy p,, except perhaps of small values of m,h. Moreover,
Dy, — 0 and s;;m — 0 as m, h — oo, and for n = hm,

||<P <

(15)
The asymptotic constant Hgo(k) H ¢j./2 can now be proven to be optimal, at least in the case k = 3
for a large class of distributions (see Corollary 8 below).

Remark 1. We can exploit once more the idea behind the construction of the bound in Theorem
5, and apply twice the recursive relation of Theorem 2 in order to achieve a sharper recursive bound
for dp;,. This can be easily accomplished as follows. We first derive an upper bound for d,, via the
recursive relation (10) and then, after setting Y; = m~1/2 Z;n 1 X(i—1)ym+j> We establish an upper

bound for dj,, = d(h~1/? Zz 1 Y;,N) ¢ )= d};, employing once more the recursion (10), but now for
the sequence Y7, ..., Y}, (instead of X1, ..., X3), starting from dj = d,,, that is,

i—1 * . k *
dj < H‘P(k)HC*Z Ao el +odidl i =2,3,...h (16)
LT CE) C

]:

where ¢} = ¢4 (Y1, ) can be replaced by its upper bound m=*/2+1¢, (see (5)).
Remark 2. It is worth stressing that the distance {; appearing in the above results can be
easily evaluated when £LX <y .. N or N <j_., LX. In this case we deduce that (see (9)),

Cu(X,N) = (17)
Otherwise, ¢;(X,N) can be upper bounded by (E|X|* +E|Z|*) /k! where £LZ = N, provided
that EX? = EZ%,i = 1,2,...,k — 1. It would thus be useful to describe a simple criterion for the
verification of the s-convex order between two given distributions, which would enable the use of
(17). Initially, define the number of sign-changes of a function ¢ on R by

def

S7(¢) = sup{S~[p(x1), p(x2),...0(xn)] : x1 < 22 < ... < Ty € R,n € N}, (18)

where S [y1, Y2, ..., Yn] denotes the number of sign changes in the sequence y1,y2, ..., yn (zero terms
are being discarded). According to the generalized Karlin-Novikoff cut-criterion (see Denuit, Lefévre
and Shaked (1998)) we have X <; . Y when (a) E(X/ —Y7) =0,7 =1,2,...,s — 1 and (b) their



c.d.f’s Fx,Fy have s — 1 crossing points (that is, S™(Fx — Fy) = s — 1) while the last sign of
Fx — Fy is a +. If X, Y possess Lebesgue densities fx, fy, then condition (b) can be replaced by
S~ (fx — fy) < s, while the last sign of fy — fx is a +. Hence, if the density of a continuous r.v.
X crosses the standard normal density ¢ at most k times (and LX € My) then £LX <p_ ., N or
N <j_ee £LX . Many known distributions seem to satisfy these conditions when standardized with
k = 3 (e.g. gamma, Weibull, lognormal) or k = 4 (e.g. uniform, Laplace, triangular).

Remark 3. Regarding the condition A(k), we may encounter one of the following two cases:

(a) The distribution £X of the summands is relatively close to A/ so that condition A(k) is
satisfied (e.g., if K = 3 and d; = 0.1 then {3 must be less than about 0.13) and hence we can
employ directly Theorems 4, 5 (also in this case the recursive bound of Theorem 2 tends to zero).

(b) The condition A(k) is not satisfied. If in this case d; < 1 then we can overcome this condition
by considering an appropriate subsequence of n~1/2 Yoy Xi,n =1,2,... . More specifically, we
observe that there always exist an integer r large enough so that the distribution of the r.v. X’ =
r~1/23°7 | X, satisfies condition A(k). This follows from the fact that d(X’, V) —,_ 0 0 (provided
that di < 1; see Prokhorov (1952)) and ¢, (X", NV) < r=*/2+1¢, —, . 0 (see (5)). Therefore, we

can apply the above Theorems 4 and 5 for the iid. r.v's X/ = r~1/2 Z;T:(i_l)rﬂ X;i=1,2,..
and deduce bounds for the distance d (n*1/2 S XLN) =dpr, n=1,2,... . This procedure

is illustrated in the applications (Section 5). Note that, since N is absolutely continuous, the
condition d; < 1 implies that £X must have an absolutely continuous part.

In case we have constructed (for example, via the procedure described in Remark 3 or via
Theorem 5) bounds for a subsequence of the form dp,,,h = 1,2,... , we can use the following
proposition to deduce a simple bound for dj,; and therefore gain bounds for the whole sequence
above m, that is, d;, 7 = m,m + 1, ... . For the proof of this proposition see Section 4.

Proposition 6 If LX € My for some integer k > 3, then
J k ’

Next, utilizing Theorem 5, we present two asymptotic results that hold true when Fx has an
absolutely continuous part, regardless of condition A(k) (their proofs are given in Section 4). We
remind that every c.d.f. F' can be written as a convex combination of a singular c.d.f. F, (discrete
and/or singular continuous) and an absolutely continuous c.d.f. Fy., that is, F = pFy. + (1 —
p)Fs,p € [0,1]. By saying that F' has an absolutely continuous part, we mean that p > 0.

Corollary 7 If LX € My, for some k > 3 and LX has an absolutely continuous part, then

n
lirrisgp nk/?71q (\}ﬁ ZXi,/\/'> <1 Hcp(k)H Cr- (19)
i=1

Note that Sirazhdinov and Mamatov (1962) proved that, if £X has an absolutely continuous

part and |[EX3| < oo then
1+ 4e=3/2 |[EX3|

We show below that, when k& = 3, the bound of Theorem 5 is asymptotically equal to (20) for a
large class of distributions. In contrast to (14), the above result cannot be used in practice for
finite n since the last term is not explicitly bounded.




Corollary 8 If LX has an absolutely continuous part, |EX3| < 0o and LX >3 e N or LX <3 ¢4
N, then the bound D}, = of Theorem 5 is asymptotically optimal, that is

L ~D 14 4e73/2 |EX3 N
n " 3.hm —
o 6v2r  Vn

o(X), ash,m — oco,n = hm.

NG

3.2 Bounds for the Kolmogorov distance

We now turn our attention to results concerning the Kolmogorov distance p, which is most often
used for expressing the approximation error in the CLT. The results to follow are being established
invoking also developments of the previous subsection. The next theorem is analogous to Theorem
2 (for its proof see Section 4) offering a recursive bound for p,, in terms of di, ¢}, and p;.

Theorem 9 If LX € My, for some integer k > 1, then, for all n > 2,

n—1* (21)
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The explicit value of Hgo(k) Hoo can be found using lengthy calculus techniques (for small k) or
it can be approximated via numerical integration (for large k). For example,

@l _ 1 @ _ =T osve @] _ 3 ©] _ 15
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and, approximately, HLp(E’)HOO ~ 2.30711, HcpmHoo ~ 14.177977.

Again, the recursive bound derived from (21) vanishes only when k& > 3 and £X is relatively close
to NV, that is, when d; and ¢}, are relatively small. In the following definition, which is analogous
to Definition 3, we offer an explicit condition which guarantees this distributional closeness.

Definition 10 The distribution LX of a r.v. X, with LX € My for some k > 3, satisfies the
condition B(k) when

def

di <2727 and B % bydi + 0 o ®| ¢ < 1

where dy, is defined in (12) and by = ¥ (4 + Hgo(k)H . }|cp(k*1)H;1> )

Next, from Theorem 9 we obtain a closed form bound for d,, (proven inductively in Section 4),
which is slightly larger than (but asymptotically equal to) the recursive bound derived via (21).

Theorem 11 If LX € My, for some integer k > 3, and LX satisfies condition B(k) then

nlle® V|| ¢ (2d1)" aer
o0 f Ry, 1> 2. 22
n—1)F2(1 - 5,) T ks T (22)

Pn <
(

By applying successively Theorems 4, 11 (see Section 4) we construct a slightly more complicated
bound analogous to that of Theorem 5, with the asymptotic constant Hcp(k_l) HOO Cr-



Theorem 12 Let LX € My, for some k>3 and LX satisfies condition A(k). Define

Ok ™| G

where 0y, and Dy, m > 2 are the same as in Theorem 4 (Dy 3 def dy), by is given in Definition
10. For m > 1 large enough such that rBlt:m <1,Dpm < 27k/2=1 e have

(L= D2 [ D) G | D) at .

<
Prm = (hm)k/g_l 1— ﬂ]:/m 9 k,h,m>

h>2. (23)

It holds R} ; ,, < Ry pm except perhaps of small m, h. As m,h — oo (n = hm), we have that

(k=1)
. ® e
Py = Rk,h,m ~ H nk/il : : (24)

The asymptotic constant Hgo(k_l)H
15) and all k£ > 3.

Remark 4. As we discussed in Remark 1, we can also apply here successively the recursive
bounds of Theorems 2 and 9 and obtain a sharper recursive bound for p;,,,. More specifically, we
initially construct an upper bound for d,, via the recursive relation (10) and then deduce an upper

-, G is optimal for a large class of distributions (see Corollary

bound for py,, = p(h_l/ 2 Z?:1 Y, N) e p;, employing the recursions of Theorem 9 for the i.i.d.
r.v.’s Y1,..., Y}, (see Remark 1) starting from dj = d,,, that is,

Z*l k
* k * Pj_1 i
i <[] i X =g

PE|| Gidipry, =23,k (25)
o0

where p} and ¢} = ¢, (Y1, N) can be replaced by their upper bounds dj and m=*/2+1¢, (see (5))
respectively.

Remark 5. Similarly to the total variation distance case (see Remark 3), if the condition A(k)
or B(k) is not satisfied in order to directly use Theorems 12 or 11 respectively, we can alternatively
apply these theorems for the i.i.d. r.v’s X/ = r1/2 Z;‘T:(i—l)r—‘rl Xj,i=1,2,... for large enough r
(provided that d; < 1) and deduce bounds for the subsequence p,,,.,n = 1,2, ... . This procedure is
illustrated in the examples of applications (Section 5).

The following proposition is analogous to Proposition 6 (with a similar proof which is omitted).
It can be used to bound p;,? > m when we have at hand bounds for a subsequence py,,,,, h > 1.

Proposition 13 If LX € M, for some integer k > 3 then

J | (k=1) ,
ps+j < Ps + M HSO Hoo Ck? s> 17] > 1.
The next result is analogous to Corollary 7 with a similar proof which is omitted.

Corollary 14 If LX € My for some k > 3 and LX has an absolutely continuous part, then

lim supn®/>~1p <\/lﬁzn:Xz,N> < Hgo(kfl)HooCk. (26)
i=1

n—oo
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It is well known (e.g. see Petrov (1995), p.173) that if the i.i.d. r.v.s X, X1, Xs,... follow a
non-lattice distribution, with EX = 0,EX? = 1, lim SUP|¢| o0 |BetX| < 1 and E|X|* < oo for some
integer k > 3, then the Edgeworth expansion of the c.d.f. F, of n~1/2 Yo X is

k—2
Fu(o) = ®() + Y2 24D o, (27)
v=1

uniformly in x (see also (2) for k£ = 3). The quantity Q,(z) can be expressed in terms of the
Chebyshev-Hermite polynomials Hy, (see (7)),

6712/2 v 1 m km
R S E) | ((nj;?),) , (28)

m=1

where 7,, denotes the cumulant of order m of the r.v. X, and the summation above is considered
over all integer solutions (ki,...,k,) of k1 + 2ks + ... + vk, = v, and s = k1 + k2 + ... + k. Note
that, the aforementioned condition lim supj;_ |Eei®X| < 1 is satisfied when X has an absolutely
continuous part (for example, see Petrov (1995), p. 12). The estimates (27) describe the rate of
convergence of F;, to ® but, in contrast to the bounds of Theorem 12, they are practically useless
if we are interested in estimates of the difference F),(x) — ®(z) for a given fixed value of n.

In the last corollary we prove (see Section 4) that, for a large class of distributions of the
summands, the error bound of Theorem 12 asymptotically coincides with the approximation error
implied by the Edgeworth expansion (27), and thus (23) is asymptotically optimal.

Corollary 15 If LX € M, for some integer k > 3, B|X|F < oo, LX has an absolutely continuous
part, and LX >j_co N or LX <j_co N, then the bound R;h’m of Theorem 12 is asymptotically
optimal, that is,

(k—1) EXFk —
Pn ~ Rz,h,m = Hsonk/g_‘l‘oo | k! Mk’ + O(nk/12—1)7 as h,m — oo,n = hm.

4 Proofs

The following Lemma 16 offers some well known smoothing inequalities for the metrics d and p
that have been employed by many authors in the past for the derivation of Berry-Esseen-type or
Poisson approximation results. The proof of part (a) can be found in Rachev (1991), p. 274 (see
also Boutsikas and Vaggelatou (2009) for a more general result), while the proof of part (b) can be
found in Senatov (1980) (see also Rachev (1991), p. 323).

Lemma 16 (a) If the random vectors X,Y € R" are independent of Z,W € R" then
dZ+X,Z+Y)<2d(X,Y)d(Z, W) +d(W + X, W +7Y).
(b) If the random variables X,Y € R are independent of Z,W € R then

pZ+X,Z+Y)
pZ+X,Z+Y)

2d(X,Y)p(Z, W) + p(W + X, W + V),

<
< 20(X,Y)d(Z, W)+ p(W + X, W +Y).

11



Note that, the above inequalities are usually stated for independent X,Y, Z, W, but they are
also valid under the weaker assumption that X, Y are independent of Z, W.

Several variations of the following lemma can be found in a number of papers in the literature.
For example, see Rachev (1991), p. 325, Zolotarev (1983), p. 294 or Rachev and Ruschendorf
(1990) for similar results. For discrete analogues (leading to Poisson approximation results) see
Boutsikas and Vaggelatou (2009).

Lemma 17 Let Z be a r.v. independent of the r.v.’s X, Y, with density fz, k-times differentiable
on R, and denote by fék) its kth order derivative (f° = f). If {,,(X,Y) < oo, k > 1, then,

A(X + Z,Y + 2) HfZ H CUXY), and p(X +ZY +Z)< Hng)Hoo CL(X,Y).

where || f|| = [7, |f(z)| dz, and ||f|lo, = sup, | f(z)].

Proof. Set H(z) = Fx(z) — Fy(z) where Fx(z) = P(X > z). Define H%(z) = H(z) and
recursively set

/ HI (g i=1,2,..k—1.

Using the fact that (i41) [>°B(X — )", dt = B(X — )’ it can be easily verified recursively that
(see also Denuit, Lefevre and Shaked (1998)),

AHO () = B(X — ), —B(Y —t)%, i=0,1,....,k—1.

Denote by f)(é) the ith order derivative of the p.d.f. fx of a r.v. X. We observe that the r.v.’s
X+ Z,Y + Z possess a Lebesgue density and

fxyz(w) = fryz(w) = / fz(w—2z)dH (2 / HO(2) ) (w — 2)dz
- / V() 1D (w = 2)dz = ... = (~1)F / HE(z) £9) (0 — 2)d.

Therefore,
dX+2Y+2) = ;/ /H[k U(2) £ (w - 2)dz| dw < 1 //‘Hk U(z) £8 (w - 2)| dw dz
T B — 2L —B(Y — o)k 1
1 + + & 7, — L )
-4 o [ = 5 e

Likewise, p(X + Z,Y + Z) is bounded above by

7 ) 0 e < e,

sup ‘FXJFZ(U)) - FY-‘:—Z(U})‘ = sup
w w

|
We are now in possession of the machinery needed in order to prove our first main result.
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Proof. (of Theorem 2) Let Z;,Zs,... be i.i.d. standard normal r.v.’s, independent of X;’s.
From the triangle inequality for d we deduce that (Lindeberg decomposition),

n

_d<§:1Xi,§:1Zi>§Zd<ZX+ ZZZ,ZX—FZZ) (29)

i=j+1 i

Employing Lemma 16 for the r.v.’s X = X; + X7
get forn>2,7=1,2,.

P ZnY =X 7, 2 =S X, W = X1 Z; we

(ZX+ Z ZZ,ZX +ZZ>

1=7+1 =1

< 2d (Xj+ Y ZiZj+ ), Zi> dj_1+d<Xj+ZZi—Zj,ZZi>, (30)

1=j+1 i=j+1 i=1 i=1

where dg = 0. Invoking Lemma 17, for j = 1,2,...,n — 1, the right part of the above inequality is
upper bounded by (see also (8))

k k (k) (k)
Ck(Xja Zj) H(‘Ogﬂ)l*jH dj1+ %Ck(Xja Zj) ngé,g—lH = (T|L|SOJ)1¢|/’2 Jj— 2C (ﬂwl)k|/|27 (31)

(¢p,02 denotes the density of NV, ,2) while for j = n it is upper bounded by

(k)
H = 2d1dn 1+ QCk 7|L|‘»"1 k|/’2 (32)

d(X'er )dn 1 + QCk;(XTMZ

Finally, combining (29) (30) (31) and (32) we obtain (10). m
The following two technical results are essential for the proof of Theorem 4.

Lemma 18 For every couple of integers k > 3,m > 4, we have

def (m - 1)k/2 1 (j - 1)
— <

where O} = ¥ for k>4, and 03 = (3)3/% + 1(3)3/2 ~ 2.8504.
Proof. Initially, assume that £ = 3, m > 4. It can be verified that the function

m—1)3/2(z—
f(x) = m((m_ml))s/Q((x_gl))s/w z € (2,m),

is convex and therefore,

i 2 m—1 2 m—1)3/24(m—3) def
b3,m = Z f(i) < Z fz+11//2 f3 1/2)+1/ (z)dz = ((mj%)Q% = h(m).

The above function h : [4,00) — R is decreasing for m > mg = 23+\ﬁ ~ 5.257 (W' (z) = 0 in [4, 00)
only at 2 = my), converging to 2v/2 ~ 2.82843 as m — co. Therefore, b3.m < h(100) ~ 2.8498 < d3
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for all m > 100. For 4 < m < 100 it can now be numerically checked that max{bs 4,b35,...,b399} =
b3 = d3 and hence (33) is valid for k = 3, m > 4. Similarly, for k = 4, m > 4 we deduce that

m—141/2 (m—1)3(z—1 _ (m—=1)*(244+(m—5)4m~+2(2m—5) In(2m—5 def
bam < J3_1 /0 m(mfz))Q((:E72))2d$_ = ((m )2)3(2m( 5) L) 2 g(m).

The function g : [4,00) — R is decreasing, converging to 2, and therefore, by, < g(6) ~ 4.19881 <
dg = 4.5 for all m > 6. For 4 < m < 6 it can be numerically checked that max{bs4,b45} = bsa = 04
and hence (33) is again valid for £ = 4, m > 4. Suppose now that sup,,,>7 bx,m < k—ﬂ =y, for some
k > 4. We have shown above that this inequality is valid for k = 4. For m > 7 it can be easily

verified that % <1,j=4,..,m—2, and thus, for m > 7,

m—1
_ (m— 1) N (J 1) 2(m=1k2 | (m=1)k/2(m-2) m—1 _
bk+1,m = ]Z?; m(m—3) 21(] Z)k < bk,m + <m(m—3)k/2 + m(m—3)k/2 ) < m—3 1>

3k/2 (m—l)k/2 m—1 3k/2 3k/2 3 3(k+1)/2
< 2 + (m—3)k/2 m—3 L)< 2 + 2k/2 2 1)< 2 :

Therefore sup,,,>7 bx11,m < 941 and inductively, sup,,>7 bxm < # =0k, k =4,5,... . It finally

suffices to prove that by, < 0 for m = 4,5,6, and k > 4.For m = 4, it is by 4 = 0,k > 4. For
m =25 itis bys = 2k/2 < 5,k > 4. For m = 6 we have

. 5k/2 5k:/2 3k/2 -
bk,ﬁ_m+24k/2§ =0k, k=>4,

and the proof is completed. m
Lemma 19 For every couple of integers k > 3, m > 5 we have

difim m — 1)t <2
_m_3 2’f/212m )2 =5

Proof. We use induction. For m = 5 we have A;5 = 2/5 and suppose that Ay ,, < 2/5 for
some m > 5. We show that also Ay 11 < 2/5. Indeed, Ay my1 = g1(k, m)Ag m + g2(k, m) where

the functions
9—k/2k/2+1 9—k/2k/2

g1(ksm) = G 92(hm) = Gl ey
are decreasing with respect to m and k (m > 5,k > 3) and therefore, for m > 5,k > 3,

53/2+1 53/2

Arm+1 < §gms T ooz

~ 0.29149 < 2.

[
Proof. (of Theorem 4) Denote for simplicity ¢ = Hgo(k) |- From Theorem 2,

n—1
d;_
du <0Gy ¥ 5k + 2didon . (34)
J:

For n = 2, inequality (34) leads to

dy < 4y, +2d7 < 265 4 L(2dy)? = Dy, (35)
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and thus (13) is valid. Likewise, for n = 3, (34) along with (35) yields
d3 < epCpdy + 2dids + S5 < cpCpdy + 2d1 (Cep +2d3) + 255 < Dy,

because aj, < 2%/2t1 and therefore (13) is valid also for n = 3.Assume now that (13) holds for
n=2,3,...,m—1(m >4). We shall show that it also holds for n = m. Invoking (34) we get

d 3

and hence, using the induction assumption, we get

m = (m-2) k/2 (m—j)k/2 \ 2(j—2)%/2(1—¢y,) 2 m—2)k/2(1—¢y,) 2 2(m—1)k/2"

d. < _ckSkdi +mz ekl ( (—DerCk +(2d1)j_1>+(d1(m*1)Cka +(2d1)m+ mcgCy

To ensure that the above bound is less than or equal to Dy, ,, it suffices to guarantee that

=1 k€, (2d1)I 71

m— 1Cka(2(] 2)k/21 8k+ 2 ) (m c _— ka
k)erCrd mexg (m— 1)’“2
P e F U m- e T s S a0 (36)
or, multiplying both sides of (36) by 1 — & € (0, 1), it suffices to show that
m—1 :
i (j—1)cxCy (2dq)7 -1 (m—eg)ck€d mcgCRek
2 T (S + CH= (- ) + RS < it
The above relation now follows readily when we add by parts the following two inequalities
m—1
j—1 :
z:: (mc—kgg)kk/2 (QJ(j—);)Iz% = Q(Zikf)lim‘skck@a (37)
m—1 .
2d;)7—1 - d k/2+1
ZS (mcff)kk/z ( 12) (]. — 5k;) + (m(;i);)kkc/g ! S Q(Trziklgllzp 2l+ak,ddll . (38)
J

Inequality (37) is straightforward from Lemma 18. Hence it remains to prove (38). First we
prove it for m = 4,k > 3. For m = 4, the left part of inequality (38) reduces to (2d; (1 —ex) +

42;/2 )exCpdi,which, since d < 27%/271 and a), < 2k/2+1 (4;22/;1 —3), is bounded above by

(5-2er)cxlpds 5 22k/2+1d1 cplpdy 5+ (Bap—28/22)d, ¢,d
ok/2 = T+ardy 2k/2 T T (1tapdy)2F/2 CkG a1
k241 48241 0\ okj242\o—k/2-1
< 5+(2 (73]6/2 3 2 2 c C’ d . 4Cka 2k/2+1d1
= (1+axd;)2F/2 RSESL = 9.30/2 Tragdy

and (38) is true for m = 4,k > 3. For m > 5k > 3, invoking Lemma 19 and the assumption
d; < 27F/271 we ascertain that the left part of inequality (38) is bounded above by

2k/2+1d1
m ; —

(2 k/2)]—2(1_ ) 2m(1 TFard C d

( Z (m—j)k/2 = + (m_rg)km)ckadl < ( 5(m_1)61?;21 + (m_rg)k/2)ckad1 < (mj]{):;bglzlia;dl)a

) (39)
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where 1, = 2 (1 + apdy — 28/271d,) + 41,2;2 (1 4+ agd;). Taking into account that aj < 2¥/2+1 we
arrive at 7, < %—i— 23:;2 < 2K/2 for k > 4. Besides, Ny < 23/2 (since d; < 273/271) and hence
ny, < 2%/2 for all k > 3 which ensures that (39) leads to (38) and the proof is completed. m

Next, we employ twice Theorem 4 in order to get the improved bound of Theorem 5.

Proof. (of Theorem 5) From theorem’s assumptions we have e, < 1, d; < 27%/2-1 and
therefore we can employ Theorem 4 for the r.v.’s X1, Xo,... to get the inequality
me®][¢ 1
d,, <Dy, = Wp(lfs) 3(2d1)™. (40)

Let now Y; = m~1/2 Z;”Zl Xi-1)ymyj» ©=1,2,... and let Z, Z1, Zs, ..., Z, be 1.i.d. standard normal
r.v.’s. Observe that Y1, Y, ... are i.i.d. r.v.’s with LY; € M. Moreover, we ascertain that ey ., <
5Z,m < 1land dism <Dy < 2-k/2=1 where (see also (5)),

dpm = d(J- zmv) d(—2 X N) = i,

W\
INNgEl

def 2k/2+1d m
Com = CLOAN) = Gl 20 X N) < ¥r, i T 46 || ¢

s
<

Therefore, we are eligible to apply Theorem 4 for the r.v.’s Y7, Yo, ... and get

d R || k,m 41
hym = 2(h—1)k/2(1—5k,m) 2

(2dym)" h>2. (41)

Since €p,m < 6z’m,d1,m < Dy and (i, < # we finally conclude (14). m
Proof. (of Proposition 6) Let Z;,Z,,... be a sequence of ii.d. standard normal r.v.’s,
independent also of X;’s. From the triangle inequality for d we deduce that,

s+J s+ s+jJ s+j s+jJ s+J
+j—d<zxz,22) (zxz,zz Y X) (zz + Y Xz,zz> (42)
i=s5+1 =541 7
Invoking the regularity property, the first term in the right part of (42) is less than or equal to
d;. The proof is completed observing that, from Lemma 17 and the subadditivity property of the
metric ¢, the second term in the right part of (42) is bounded above by,

W e e
Z XZ7 Z Z 25k/2 Z Ck:(XZaZl)S 25k/2 Ck:

1 k
) e
i=s+1 i=s+1

Proof. (of Corollary 7) Taking into account that Fx has an absolutely continuous part, it
follows that d,, — 0 as n — oo (see Prokhorov (1952) or, for example, Sirazhdinov and Mamatov
(1962)). Hence, we can choose an integer rq large enough so that, for all 7 > rg, it holds d,. < 2~%/2-1
and €5, < 1, where (see also (5)),

def ok/2+1q, R241g, | Okle™|¢
cur 220 4 0 o] (£ B ) < e+ 2l (13)
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Next, set Y = r~1/2 Y oiqy X; for some r > 7o and let Y7,Y5,... be a sequence of independent
copies of Y. It is easy to verify that LY; € My and since r > rg we have guaranteed that
dY,N)=d, < 2-k/2-1 and €k, < 1. Therefore we can apply Theorem 4 for Y7,Y5, ... and get,

_q( v mlle®[|G(N) - @do)m
drr = d (Z v > = <§1 N ) S iy T2 (44)
The above is valid for m > 2,7 > rg. Observe now that every integer n can be written as n = mr+j
with m = r = [{/n] (the integer part of \/n) and some integer j € [0,2,/n]. Therefore, for large
enough n : [/n] > max{2,r¢}, relation (44) combined with Proposition 6 yields

ko2 ko2 ko2 T @ e, e T oM || ey k52 B e,
+ k < k

n2dn:n2dmr+j§n2dmr k = k me 2 ’
2(mr) 2 (m—=1)22(1—¢p,,) 272 t1 (mr)2

where m = r = [{/n]. Finally, letting n — oo it is easy to see that the right part of the above
inequality converges to % Hcp(k) || ¢, which confirms the asymptotic relation (19). m

Proof. (of Corollary 8) For k = 3 we have Hgo(?’)” M and since LX >3 ., N or

LX <3_cp N, it follows that ¢3(X,N) = |[EX3| /3! (see (9)). If EX? = 0 then necessarily LX = N
and thus also dj,,, = 0. Otherwise, we have

_ e i¢s _ 14ae-3r2 3
lim VhmDj ), ,, = 5 =" = H0 [EXP] > 0.

h,m—o00

Since Fx has an absolutely continuous part and |[EX3| < oo, relation (20) ensures that /nd,
converges to the same quantity as the above and thus dp,, ~ D5, .. =

The following proof is analogous to that of Theorem 2. o

Proof. (of Theorem 9) Let Z;, Zs, ... be a sequence of i.i.d. standard normal r.v.’s, indepen-
dent of X;’s. From the triangle inequality we deduce that,

n

:p(ixi,izi)gzp<zx+ ZZ,,2X+ZZ> (45)

i=7+1 =1

Employing Lemma 16 as in the proof of Theorem 2, we get forn > 2,7 =1,2,...,n

p(i i+ Z Z@,ZX +ZZ>

1 =g+l =1
n n n n

< 2 X+ Y ZiZi+ Y, Z pj1+p(Xj+ZZi_Zj7ZZi>7 (46)
i=j+1 i=j+1 i=1 i=1

where p, = 0. Invoking Lemma 17, for j = 1,2,...,n — 1, the right part of (46) is upper bounded
by (see also (8))

=1 Calle® P
Ck(Xj7 Z H(p[)n JH pg 1t Ck( ‘ (()n 1H (SHJ k/|2’ p] 1t k H(n_l)kUQ ) (47)
while for j = n, is bounded above by
2d(X,,, Z X, Zn) [0 = 2d el 48
(Xn, Zn)Pp—1 + Cp(Xn, Po,n—1 1Pn—1 + Gk (s (48)
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Inequality (21) is now immediate from (45), (46), (47) and (48). =
The proof of Theorem 11 is similar to the proof of Theorem 4 above, but this time it involves
both the Kolmogorov and the total variation distance and thus the technical details are different.
Proof. (of Theorem 11) Denote ¢, = ||<p(k)H and €, = Hcp(k)Hoo. From Theorem 9,

n—1 ) .
w Sl X 2 + 2dipy + (s 1= 23 (49)
]:

For n = 2, recalling also that p; < di, inequality (49) reduces to,
2
Py < 2€5-1C), +2d1p; < Cl’fgkl + 5(2d1)” = Ry,

and therefore (22) is valid for n = 2. Similarly, for n = 3, (49) yields

3ep_ 3
p3 < calppy+ e’gk}f’“ +2d1py < ckCrpy + 6;19/12Ck +2d; (2¢;-1¢;, +2d1py)

ckCpditder_1€pd1 | 3ep_1, (2d1) __ 3Ck€k—1 (2d1)?
(1—byd1) TR T 2k/2(1—bkd1)+ 5~ < Rgs,

IN

and thus (22) is valid for n = 3. Assume now that (22) is valid for n = 2,3,....m — 1 (m > 4). We
shall show that it is also valid for n = m. From (49),

m—

d
pm = (ﬁcg)klm +Cka Z pJ 11«/2 +2d1pm 1 + (mek )lkc/ga

(we also use that d; < p;) and hence, using the induction assumption,

p, < ckCrdi _|_m_1 ckCr < (I—Der—1¢x + (Zdl)j_1)+2d1(((m Dex—16, +(2d1)m_1)+m5k71Ck'

(m—2)% = (m—j)3 \G=2¥2(1-5;) 2 2)k/2(1-8y,) 2 (m-1)%
In order to show that the above quantity is less than or equal to Ry, it suffices to show that

(j—Der_1¢x (2d;)7 ! Ck 2(m71)

2)F/2(1 2 = 1 B ﬁ%—ﬁk
CkC Z G- mﬁjk))k/Q +de1€k71 ( ()k/gk) + (Trffl)llf/g S { 1)1716/% )

or, multiplying both sides by 1 — ;. € (0, 1), it suffices to show that

ot U= Dee—1Cy | (1-8,)(2d1)7~! kU0=Bk) o1

i—92\k/2 2 — o
Cka Z:?) - (m—j)*/? +de16k*1 k(;z 2)k/2 < V?n:_i)c;fgk
]:

The above relation is now readily derived by adding by parts the following two inequalities

m—

Deg— €l —
Z:g kajCkk/Q ](j_)Ql;k/IQCk < Z:Lnfl)llf/gdkckcm (50)
J:
cx(1—By)
= 1— 2d;)i—1 deIEk—l(f-FQ(m—l))
X Gt R R < Pt bidy (51)
j:
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Inequality (50) follows directly from Lemma 18 (m > 4). It now remains to prove (51). For
m = 4,k > 3 the left part of (51) is equal to (we use the fact that 3, > 0,d; < 27%/2-1),

- ck(1=8k) L g 6op 2Ck I
— 2 €. _ €l— €k —
crCr = (2d1)" + Crdier1— e < @1 Gedi ez < gt bida,

and hence (51) is valid for m = 4. When m > 5, it suffices to show that

-1 ) °k _
(2d1)’ 2 k1 +2(m-1) mby,

I Ty R TV 2

The above follows from Lemma 19 and the fact that d; < 27%/21 In detail,

2¢, 4F/2 [
_%k _ k 4%= cp
€k—1 +2(m-1) m 5€k—1+3k/2(5€k—1+2) mby,

(m—2pF? = (m—1)72 = o’

mz—l c(2dy)i—2 €k—1+2(m_1) < 2c,m
A L () S

+

J
and the proof is completed. m
Proof. (of Theorem 12) Since ¢ < 1, d; < 27k/2-1 e apply Theorem 4 for the r.v.’s
X1, Xo,... and deduce (40). Consider the iid. r.v.’s ¥; = m~1/2 ZTZl X(i—1ym+j> ©=1,2,... and
verify that LY; € My. We observe that 3y, ,,, < ﬁ,’;m <1, di;m <Dy < 27k/2-1 where dnms Ckm
are defined in the proof of Theorem 5 and

h
ph’m dgf P <\/15 231}/“/\/’> = Phm> ma déf bkdl,m + 5/@ H(p(k)H Ck,m'

Hence, assumptions of Theorem 11 are satisfied for the r.v.’s Y1, Ys, ... and thus

h”‘:O(k_l) Hoogk,m

(2d1,m)"
ph,m — (hil)k/2(17/8k,m) + 12 7h Z 2 (52)

Since By m < Brm»>di,m < Dgm and ¢y, < # we finally conclude (23). m

Proof. (of Corollary 15) The fact that £LX >p .. N or LX <j_ . N guarantees that
EX? = ;i = 1,2,...,k — 1. If, in addition, EX* = p, then LX = N and p,, = R;hm = 0. We
proceed for the non trivial case ‘]EX F— | > 0. Since LX € My, the distribution of X has the
same cumulants as N up to order k — 1, that is vy = 0,79 = 1 and v; = 0,7 = 3,4,....k — 1. It
can also be verified that v, = EX* — 1. From formula (28) we now ascertain that Q,(x) = 0 for
v < k—2, because v; = 0,7 = 3,4,....,.k — 1. For v = k — 2, the only non zero term of the sum in
(28) is the one with k1 =0, ...,k,—1 = 0,k, = 1. Therefore

—22/2 —332/2 EXxF—
Qk_g(il?) = —eﬁHk‘_l(Cﬂ)% = —eﬁHk_l(I) Tl #k. (53)
Thus, from the Edgeworth expansion of F,, we deduce that,
k—2
Falw) = @(x) = X B + o(rer) = T + o), (54)
V=

uniformly in z. By virtue of the uniform convergence in (54), there exists a non-negative sequence
an,n € N independent of x, with a, — 0, such that

|22 (Fulo) = 2(@))| = Qe @)l | < [0 () — (2) = Quesla)| < an
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and thus |Qy_a(z)| — an < n*/271|F,(z) — ®(z)| < |Qx_2(x)| + an, which reveals that

Suplek‘—Q(x)l an <

nk/2—1 T opE/2-1 = Pn < Supﬂgg:f(aj)‘ + nk%tr
We finally ascertain that (see (53),(6))
(k—1) E_
2|Qk— 4 oo [BXT—p
Pn = Supngg—?(x)' + O(Hk/12—1) = ” nk/2—|1| ’ il k| + O(Hk/12—1)'

The above combined with (24) and (9) completes the proof . m

5 Examples of applications

The purpose of this section is to illustrate the applicability and the performance of our main results.
For this task, we compute the proposed normal approximation error bounds for standardized sums
of i.i.d. r.v.’s (via both d and p) considering three different distributions for the summands: (a)
the gamma distribution (where k = 3), (b) the uniform distribution (where k = 4) and (c) a proper
mizture of two uniform distributions (k = 8). The first two distributions were chosen because, for
these cases, there exist in the literature sharp normal approximation error bounds comparable to
ours, derived via different methods; see Adell and Lekuona (2008) for the gamma distribution, and
Uspensky (1937) and Sherman (1971) for the uniform distribution. Moreover, in these cases we
are able to calculate (numerically, at some acceptable accuracy) the exact Kolmogorov and total
variation distances between the distribution of the standardized sum and A. This made it possible
to evaluate (numerically) the performance of our bounds compared to (i) other available ones and
(ii) the exact value of the respective distances. The case (c¢) was chosen as a simple example
where a fast convergence rate in the CLT can be observed (O(n~3)). All computations were easily
performed using Mathematica (Wolfram Research) software

5.1 Normal approximation to Gamma Distribution (k = 3)

We shall examine the weak convergence of the sum of i.i.d. Y;’s when each Y; follows the gamma
distribution with parameters a € {1,2,...}, A > 0 (denoted by G,,). Thus EY* = AX™*(a + &k —
1)...(a + 1)a. It suffices to study the case LY; = G, since then LY;/\ = G, . Considering the
rv.’s, X; = (Y; —a)/+/a, we have EX; = 0,EX? = 1,EX} = 20~ '/2 and thus £X; € My, for k = 3.
We have that, , ; ,
EX? —EZ EX 1
Co =GN N) =g =/ = o
where Z is ar.v. with £LZ = N. The above follows from (9) and the fact that X; >3_., Z which can
be justified by the Karlin-Novikoff cut-criterion (see Remark 2). The relevant details are: if W is a
r.v. such that LW = Gy 1 then E(W*—(Z+1)") = 0,i = 1,2 and the difference of the p.d.f.s fz411—
fw changes sign 3 times (exhibits opposite signs on the intervals (0, —1), (=1, ¢1), (¢1, 92), (g2, 20)
where ¢ = 2 — (3 —In27)Y/2, gy = 2+ (3 — In27)Y/?), whereas the last sign of fyy(z) — fz11(x) is
a +. Hence (see Remark 2) Z + 1 <3_., W and thus

Xl =d (Z?:l WZ - a’)/\/a >3—cx Z;‘lzl Zl/ﬁ =d Z? a = 1, 25

where 71, Zs, ... and Wi, Wy are independent copies of Z, W (note that s-convex orders are scale
and shift invariant, and are closed under convolution).

(55)
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If we choose a = 1 we compute via (4) that dy = d(X1,N) ~ 0.319215 which is not less
than 273/2-1 and therefore we cannot directly apply Theorem 5. We can overcome this simply by
choosing larger a. This is in agreement with the approach described in Remark 3 since the a—fold
convolution of Gy 1 is G,,1. For the rest of the example let us conveniently choose a = 20.

(i) Closed form bound for the total variation distance. We find numerically that d; ~
0.0569934 < 273/2-1 while, by virtue of (55), we get (3 = 20~/2/3 ~ 0.0745356. Thus, e3 =
fo;lddll + 03 Hgo(?’)H ¢5 ~ 0.588668 < 1, where H(p(?’)H = (2 4+ 8¢73/2)//27 and the values of a3, d3
are given in (12). Hence we can now apply Theorem 5. For h > 2 and m large enough such that
€5, < 1,Dgm < 273/271 we derive

(1-3) 2] ¢5 N (2D3,,)"

dhm S D;,h,m - 2 ’ (56)
2nm)V/2 (1= 23,,)
23/2+1p, - 33|[e®|[¢5 ©®||¢s  (ady)™
where 3, = 1+a3D3:?);n 13/2,H1 and D3, = (m_”i‘)gm H2(17L|3) ( 21) . Moreover, as h, m — 00,

d,. ~ D* JeP|EX} 24832 1 025167
hm 3,h,m 2\/h7m 31 - 6\/% \/hma \/hma

and the bound (56) is asymptotically optimal. Equivalently, if V,, ;> denotes the normal distribution
with mean y and variance o2, we can write

i 2+8e%2 1
d,=d (Qn,m Nn/A,n/A2) ~ D3 p,m ~ NN

where the A, m in D3, = are chosen so that n = ahm.

(ii) Recursive bound for the total variation distance. Alternatively, we can construct an
upper bound for dj,, via the recursive relations described in Remark 1. More specifically we find
an upper bound for d,, using the recursions (10), starting from d; given above and k = 3, and
then derive an upper bound of dj (= djy,) by initiating the recursive relations (16), now starting
from dj = d,,,. This recursive bound is always slightly better than (although asymptotically equal
to) the closed form bound D3, .. .

(iii) Closed form bound for the Kolmogorov distance: By Theorem 12, for h > 2 and m
large enough such that ,B;m <1,D3z;,m < 273/2-1 e derive

0= el s (2Ds)"

< =
Phm = R3,h,m (hm)3/2,1 1— Bi‘;,m 9 ) (57)

where 33, = b3D3,, + d3 ||<p(3)H C3m1_3/2, by = %(4 + H<p(3)H / Hg0(2)Hoo), D3, is the same as
in (i) above and H(,O(Q)HOO = (27)~1/2. Moreover, as h,m — oo,

re o ePloBXE 1 013208
Phm ™ Bshm ™ Jim 8L 3vamhma . Jahm

and the bound (57) is asymptotically optimal. Equivalently, we can write

. 1
p (an Nn/)\,n//\2> = Prm ~ Ry o ~ 32

21



where the h,m in R§7h7m are chosen so that n = ahm.

(iv) Recursive bound for the Kolmogorov distance. According to Remark 4, we can
bound d,, using the recursions (10) starting from d;, and then bound pj} (= py,,,) by initiating the
recursions (25), now starting from p} < dj = d,.

(v) Numerical comparisons. In Table 1 we compute the bounds presented above for several
values of the parameters. In this application, we can numerically evaluate the exact values of d,
and p,,, since the sum under study is again gamma distributed. More specifically, in the left part
of Table 1, we give the value of the closed form bound D}, (see 56), the recursive bound (see
Paragraph (ii)), and the ezact value of dp,, (numerically evaluated using (4)). In the right part of
Table 1 we compute the analogous quantities concerning the Kolmogorov distance. That is, R3 ,, ,,
(see 57), the recursive bound described in Paragraph (iv), and the exact value of py,,, evaluated
numerically. Approximate values of the classical Berry-Esseen bound (labelled BE),) and the (near
optimal) bound of Adell and Lekuona (2008) (labelled AL,) are also included in the right part
of the table which concerns the Kolmogorov distance. The parameter n = amh (where we have
chosen a = 20) is also included.

Table 1 (normal approzimation error estimates for the gamma distribution)

parameters Total variation distance Kolmogorov distance

n m, h §7 hm ~ Tecursive dym 37 hom ~ Tecursive Phim AL, BE,
amh bound(ii)  (exact) bound(iv) (exact)
500 5,0 .032438  .022306 .011261 | .036391 .012292 .005947 .015767 .076192

1000 10,5 .016964 .013900 .007961 | .011165 .007523 .004205 .009180 .053876
10000 | 50,10 | .003471 .003195 .002517 | .001927 .001693 .001330 .001977 .017037
50000 | 100,25 | .001340 .001261 .001126 | .000730 .000667 .000595 .000794 .007619
100000 | 100,50 | .000919 .000863 .000796 | .000501 .000456 .000421 .000547 .005387

As it was expected by their asymptotic optimality, the bounds D, . and R}, ., as well as the
recursive bounds (ii) and (iv) are very close to the true values of dj,;,, and py,,,, respectively when n is
large. The recursive bounds are slightly better but require more computing time. The bounds AL,

presented by Adell and Lekuona (2008) perform also very well, but asymptotically AL,, ~ %

while R}, =~ s\/ﬁ where (6 —e)/e = 1.2073. Finally, the classical Berry-Esseen bound, although
it possesses the right order O(nfl/ 2), it performs rather poorly since BE,, = 0.70562(677\/%)/6, which,
asymptotically, is nearly 13 times larger than the optimal R3 , .

5.2 Normal approximation to a sum of uniform r.v.’s (k = 4)

In this application we examine the weak convergence of the sum of i.i.d. r.v.’s Y7, Y5, ... when every
Y; follows the uniform distribution in (0,1) (denoted by U 1). Considering the standardized i.i.d.
rv.’s W, = (Y; — 1/2)/+4/1/12,i = 1,2,... we have LW} € M, for k = 4.The p.d.f. of W;’s is
fw(z) = (2a)~1,z € (—a,a) where a = v/3. We first need to verify that d; < 2=%2~1 = 0.125 and
g4 < 1 so that Theorem 5 can be applied. The exact value of d (W7, N) can be easily expressed
in terms of the function ® and its approximate value is 0.197678. Thus we cannot directly apply
Theorem 5. According to Remark 3, we can alternatively apply Theorem 5 for the distribution of
(W1+...4+W,.)/\/r, for appropriate r. It suffices to take r = 2 and we set X = (W;+W3)/+/2. Denote
by X1, Xo, ... a sequence of independent copies of X. Clearly, £X is the triangular distribution with
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support on the interval (—v/6,v/6) and mode at 0, equal to 6~ /2. We now find that d; = d(X,N) ~
0.051247. Moreover, we have

EZ*-EX{ 3-2 1

where Z is a r.v. with £LZ = N. The above equality follows from (9) because Z >4 .. Xi.
This can be easily verified by the Karlin-Novikoff cut-criterion (see Remark 2). Indeed, we have
EW? = p;,i = 1,2,3 and fz(x) — fw(x) changes sign 4 times while its last sign is a +. Hence
Z >4 e W and therefore X1 =g (W1 + Wa)/V2 <4 ez (Z1 + Z2)/V2 =q Z, where Z1, Z are
independent copies of Z (s-convex orders are scale invariant, and closed under convolution).

(i) Closed form bound for the total variation distance. We apply Theorem 5 for the r.v.’s
X1, X, ... and k = 4 observing that d; ~ 0.051247 < 27421 ¢, = 1/40 and g4 ~ 0.621685 < 1.
For h > 2 and m large enough such that SZM <1,Dym < 2*4/2*1, it follows that

1—3)72 e 2Dy )"
2(hm) (1=,
. 8D4,m 9)le™]|¢ m ®]|¢ 2d;)™ C
where ¢} ,, = 1+(296/Z’>)D4,m H@QmH 2, Dy = = "2“(71_!4)4 4 ( 21) and Hgo(‘l)H is given in (11).

Moreover, as h,m — oo (see (15)),

o le®lee W) =5 e 4 0.035008
4hm ™ opm ~ 2hm 2hm . hm

and since n~ /23" | X; =4 (2n)" V237 Y’I/lg we can equivalently write

|| _ 0.070015
40n n

n
d <§1 Y;}g/v) — dy < D
where h, m are chosen so that n = 2hm.

(ii) Recursive bound for the total variation distance. According to Remark 4, we first
bound d,, using recursions (10) starting from d; given above and then bound dj(= dp,,) by
initiating recursions (16), now starting from dj = d,,.

(iii) Closed form bound for the Kolmogorov distance: We apply Theorem 12 for X1, Xo, ...
defined above. For h > 2 and m large enough such that 3}, <1,Dgm, < 274/2-1 e derive

e
hm 1—Bim 2

Phm < Rz,h,m - (59)

where 8, = D + 3 0] Cam' =42, by =4 (44 @]/ 6)]],) . Moreover,

O T > O Ve

hm 4! 40hm ’
and the bound (59) is asymptotically optimal. Equivalently, we write

h,m — oo,

*
Phm ™~ R4,h,m

o], =Bt 2D g garsag

™

p(; \/ma-/\/’> Prm 4, h,m n 20m n ) ( )
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where h, m in RZ,h,m are chosen so that n = 2hm.

(iv) Recursive bound for p. We first bound d,, using recursions (10) starting from d; and
then bound pj (= py,,) using the recursions (25), starting from pj < dj = d,,.

(v) Numerical comparisons. We can numerically evaluate d,, and p,, in order to check the
performance of our bounds by using the following well known exact formula for the p.d.f. g and
c.d.f. G of a sum of n i.i.d. uniform (0,1) r.v.’s,

gn(x) = 3 S5 (1) (@ — )" Lsgn(e — ), Galz) = zo G () (@ = §)"sgnlz — 5) + 5. (61)

It follows easily that the p.d.f. and c.d.f. of the standardized sum (n/12)~%/23"" (Vi — 1/2) is
f(@) = /Ton(z\/3 + %) and F(z) = Gu(x./{5 + §) respectively.

In the left part of Table 2 we compute the value of the closed form bound D}, = (see 58),
the recursive bound (see Paragraph (ii) above), and the ezact value of dpyy, (evaluated ’numerically
via formula (4)). In the right part of Table 2 we include the analogous quantities concerning the
Kolmogorov distance. That is, R}, .. (59), the recursive bound described in Paragraph (iv), and
the ezxact value of p,,; evaluated n’uinerically. Numeric values of the classical Berry-Esseen bound
(labelled BE) and the bound of Uspensky (1937) (labelled U S) as was improved by Sherman (1971)
(see also Seoh (2002)), are also computed. The parameter n = 2mh is also included in Table 2.

Table 2 (normal approzimation error estimates for the sum of uniform iid r.v.’s)

parameters Total variation distance Kolmogorov distance
n  m,h | Dy, =~ recursive  dp, | Rj,,, recursive Phm Uus, BE,
bound(ii) (exact) bound(iv) (exact)

a0 9,5 .002947 .002480 .001409 | .001467 .000998 .000553 .000849 0.129627
100 10,5 | .001238 .001152 .000702 | .000518 .000456 .000276 .000424 0.091660
300 15,10 | .000312 .000295 .000234 | .000127 .000116 .000092 .000141 0.052920
500 25,10 | .000181 .000175 .000140 | .000072 .000069 .000055 .000085  0.040992
1000 25,20 | .000081 .000078 .000070 | .000032 .000031 .000028 .000042 0.028986
2000 50,20 | .000040 .000039 .000035 | .000016 .000015 .000014 .000021  0.020496

The closed form bounds D}, . R}, .. and the recursive ones (ii),(iv), are very close to the
exact dpm, Py, respectively, esf)écially for large n. The bound of Uspensky (1937) and Sherman
(1971) performs very well, however it does not incorporate an asymptotically optimal constant
since, US,, ~ 2/(15mn) ~ 0.042441/n while R} ;, | ~ 0.027529/n optimally (see (60)). Finally, the
classical Berry-Esseen bound, BE,, = 0.7056 - 3v/3/(4+/n), does not even possess the correct order
O(n™1) (as implied by the Edgeworth expansion) and, as was expected, it performs very poorly.

5.3 A simple example with k£ =8

In this last example we present a simple case where a fast convergence rate in the CLT can be
obtained. We consider a sum of i.i.d. r.v.’s Wy, Wa, ... , each distributed as W = IU + (1 — 1)V,
where U, V, I are independent r.v.’s, U,V are uniformly distributed in the intervals (—cj,¢1) and
(—ca, c2) respectively and I follows a Bernoulli distribution with parameter p. The symmetry of
LW implies that EW?® = 0 for s odd. Moreover,

S 1— S
EW?® = pEU® + (1 — p)BV® = W for s even.
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Therefore, if we choose ¢; = V5 —v10,¢2 = V5410 and p = 5+ \/ﬁ)/w we get that
EW? =1,EW* = 3,EW% = 15,EW® = 275/3 and therefore LW € M, for k = 8.

Since d (W, N') & 0.149156 we cannot directly apply Theorem 5. Again, we alternatively apply
Theorem 5 for X = (Wy + W) /v/2. From the fact that Z >g_ ., X, (9) yields

BZ® —EX® g% _ 5
8! 8! 3.8’

where Z is a r.v. with £LZ = N. The relation Z >g_., X can be derived by observing that
EW' = p,;,i =1,2,...,7, whereas fz(x) — fy(z) changes sign 8 times with the last sigh being a +.
Hence (see Remark 2) Z >g_., W and thus X =4 (W1 + W2)/v2 <g—cx (Z1 + Z2)/V2 =4 Z where
Z1, Zy are independent copies of Z.

(i) Closed form bound for the total variation distance. We apply Theorem 5 for the
r.v.’s X1, Xy, ... (independent copies of X). We have k = 8, d; ~ 0.022161 < 278/271 ¢, = %
and eg ~ 0.575817 < 1. For h > 2 and m large enough such that £5,, <1,Dg; < 27° we get

CS - CS(XvN) -

* _ (1*%)_4HW(8)HC8 (2Dg,m)"
dpm < Dgjm = 2(m) (12, + =", (62)
where 3, and Dg, are defined in Theorems 4, 5 and H‘P(S)H ~ 96.11237. Moreover
- 4[p®
d (\/15 > WZ»,,/\/’) = dpm < D§jpn ~ H90n3|‘C8 ~ 0.05)58927 (63)
i=1

where h, m — oo and n = 2hm.
(ii) Closed form bound for the Kolmogorov distance: We apply Theorem 12 for X1, X, ...
. For h > 2 and m large enough such that 85, < 1,Dg,, < 27° we derive

. a=H~* le™] s | (2Dsm)"
Phm S R8,h,m = (hq:bL)3 H 175”;7”1 - + ( 82 ) ) (64)

where 35 ,,, is given in Theorem 12 and HgomHoo ~ 14.177977. Moreover,

n i —EWS
P (\/15 ZIWz‘aN> = Prn ~ R jm ~ I n3||<x, us—BWS ) 0.00468549 (65)
1=

n

where h, m — oo and n = 2hm.
(iii) Numerical comparisons. It is not hard to verify that

P(Ewisa) = (1) [ oo o)+ (1-p) Rulo) 42" (o), (66)

i=1 m=1 —mcy

where Hy,(7) = Gm(5e; +5), Bmn(z) = Gm(ss, +73), (Gn is given in (61)). From (66) and its
derivative with respect to x we can numerically find d,, p,, for small n and up to some accuracy.
In the left part of Table 3 we compute the closed form bound D;hm (see 62), the recursive bound
(see Remark (4)), and the ezact value of dy,. In the right part of Table 3 we compute the analogous
quantities concerning the Kolmogorov distance. The parameter n = 2mh is also included. Since

it was very hard to compute d,, p,, for n greater than about 30-40, we also compute in the table

25



the

asymptotic values of the bounds (see (63), (65)). The classical Berry-Esseen bound is of order

O(n~%/2) and there is no point in comparing it with R, , , which is of order O(n~3). (the values
with a preceding "*" were computed by choosing m = 2,h = n/4).

Table 3 (normal approximation error estimates)

Total variation distance Kolmogorov distance

n(m,h) | Dg,,  recusive d, (63) RS )m  recursive P (65)

bound(ii)  exact asympt bound(iv)  exact asympt
12(1,6) 4.47 107® 2.27 107° 1.0710°  9.20 10 "4.0110° 7.1110° 31410°% 271 10°
24(1,12) "3.26 10°  1.7610°  1.2410° 1.1510° | "1.8310° 527107 3.65107 339107
32(1,16) "1.13 10%  6.72 107 4.85 107" "6.3 107 2.00 10" 1.51107 143107
48(1,24) "2.78 107 1.81 107 1.44 1077 "1.56 107 5.3710° 4.4210%  4.24 108
200(5.20) 2.45 107 2.44 107° 1.99 107 72410 7.19 10710 5.86 107°
1000(5.100) | 1.66 10tt  1.65 107! 1.59 107! | 4.91 1012 4.88 10712 4.69 1072
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