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Abstract. Let £ be a pattern (single or composite) defined over a sequence of Bernoulli
trials. Let X,,, 5, and F}, be the number of occurrences of £, the number of successes
and the number of failures in n trials, respectively. Also let T,., St and Fr. be the
waiting time for the rth occurrence of £ in an infinite sequence of trials, the number of
successes and the number of failures observed at that time, respectively. In this article
we present some simple results revealing that, if we know either the distribution of X,
or the distribution of 7). we can instantly derive the joint distribution of (X, Sy, F,)
and (7, St,, Fr,).
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1. Introduction

In several areas of applied science it is quite common to get interested in the number
X, of occurrences of a single or composite pattern £ in a sequence of n > 1 binary
trials as well as in the waiting time 7, for the rth (r > 1) occurrence of £ in an infinite
sequence of outputs. Success runs and scans (strings of trials with a prespecified number
of successes among them), are the two most widely used patterns for performing the

necessary statistical analysis in many scientific areas, which include quality control,



reliability theory, educational psychology, molecular biology, meteorology, actuarial
science etc. During the last decades an upsurge of interest has been observed in the
study of runs and scans, as the extensive recent literature indicates (see e.g. Glaz and
Balakrishnan (1999), Glaz, Naus and Wallenstein (2001), Balakrishnan and Koutras
(2002), and Fu and Lou (2003)).

When studying the number X, of occurrences of a pattern £ in a sequence of n
binary trials, the number S,, of successes and/or the number F), of failures appeared in
the observed sequence provide useful information for the efficient study of the statistical
model. Similarly, when studying the waiting time 7). for the rth occurrence of £ in an
infinite sequence of trials, information about the number St of successes and/or the
number Frp, of failures observed at that time could be of great practical importance.
Aki and Hirano (1994) seem to have been the first to become attracted to these kinds
of problems. More specifically, they proceeded to the investigation of the distribution
of Sy, and the joint distribution of (71, Frr,) in the case where T denotes the waiting
time for the first occurrence of a success run of length k. Several extensions and
variations of their waiting time model were subsequently studied by Aki and Hirano
(1995), Antzoulakos and Philippou (1996), Balakrishnan (1997), Uchida (1998) and
Chadjiconstantinidis and Koutras (2001). Recently, Chadjiconstantinidis et al. (2000)
presented a unified approach for the study of the joint distribution of (X,,S,) and
(T, St,.) for the class of Markov chain embeddable variables of binomial type. In the
same spirit, Inoue (2004) established analogous results in the case of multistate trials.

The purpose of this article is to show that, at least in the iid case, the joint dis-
tributions of (X,,S,), (T,,St.) etc., are uniquely determined by the distribution of
X, or T,.. More specifically in the following section we present results revealing that
the probability generating function (pgf) of (X, S,, Fy) (resp. (7}, St,, Fr,.)) can be
directly derived from the pgf of X, (resp. T,). Therefore, many of the results concern-
ing joint distributions of this form proved in previous papers using various techniques
could be immediately derived. Moreover, we show that the joint pgf of (X, S,, F},)
and (7, St,, Fr,) are related through a simple formula.

In the final section we present briefly some applications of our main results for some

special choices of patterns &.



2. Main results

Let Z1, Zs, ..., Z,,, n > 1, be a sequence of iid Bernoulli random variables taking on the
values 1 (success, S) or 0 (failure, F') with probabilities p = P(Z; = 1), ¢ = P(Z; =
0)=1—p (Z; ~ Be(p), i = 1,2,...), and denote by £ any pattern, i.e. a string (or a
collection of strings) with a prespecified composition. The number of appearances of
& and the number of successes (resp. failures) among 71, Zs, ..., Z,, will be denoted by
X, and S,, (resp. F,). The probability mass function (pmf) of X, will be denoted by

falz|p) =Pr(X, =x|Z; ~ Be(p)), z=0,1,...
and the joint pmf of (X, S,) will be denoted by
folz,y|p) =Pr(X, =2, S,=yl|Z; ~Be(p)), z=0,1,..., y=0,1,...,n.

The pgf of X,, and the joint pgf of (X,,,S,) are given by
(w |p) = an P’ B wi | p) =33 fuley | plutwd.
z=0 y=0

The following proposition reveals that by applying a simple transformation to the
success probability p of the pgf E(w™" | p) of X,, we obtain the joint pgf E(w*wi™ |p)
of (X, Sn).

Proposition 2.1. The joint pgf E(wXrw? |p) of (X,,S,) follows from the pgf
E(w*"|p) of X, through the relation

E(w*mwi™ | p) = (pwy + q)" B(w™" | 24,

Proof. The pmf f,(z,y|p) of (X,,S,) may be written in the form

oz, y|p) = an(z,y)p?¢"™, x=0,1,..., y=0,1,...,n

where a,(z,y) denotes the number of arrangements of y successes and n — y failures

such that in each arrangement the number of appearances of the pattern £ is equal to



x. Exploiting the aforementioned form of f,(x,y | p) we have that

E(w*rwi™ |p) = Zzgn.ry ¢"Ywtw

z=0 y=0
= (pw1+q) Zza”$y pﬁ)}rq> <pw1+q)n_ywx
waO
- 0" 3D ooy | 2
=0 y=0

= (pur+ Q)nzfn@ porta) "

= (pwr +q)"E(w™ | Fe)

which completes the proof of the proposition. |

Using Proposition 2.1 we may easily derive the joint pgf E(wX w™wl™|p) o
(X, Sn, Fy,) in terms of the pgf E(wX" | p) of X,,. More specifically, we have that

Sn
B uful |p) = B uag [p) = w B (2)™ |p)
= (pwy + quo)"E(w*" | -2, (2.1)

pwi+qwo

In some cases only the double generating function of X, is available. Therefore it
would be convenient to obtain a relationship between the double generating functions
of (X,, Sp, F,,) and X,,, which will be denoted by

G(w,wl,wo;z|p):ZEwX"w1 wi™ |p)z” and  G(w;z|p) = ZE' w | p)2"

respectively (the coefficients of z° in the above two generating functions are conven-
tionally taken to be equal to 1). A straightforward application of (2.1) readily leads
to

G (w, wy, wo; 2| p) = G(w; 2(pwy + quo) | 775520)- (2.2)

pw1+qwo

Another random variable of interest in the present context is the waiting time T,
r > 1, until the r-th appearance of £ in the infinite sequence Z;, Zs, ... . The pmf of
T, will be denoted by

hr(n|p):Pr(TT:n|ZzNBe(p))7 n=12...



The number of successes (resp. failures) among 7y, Zs, ..., Z7. will be denoted by Sr,
(resp. Fr.), and the joint pmf of (7}, St,) by

h-(n,y|p) =Pr(T, =n, Sr. =y|Z; ~ Be(p)), n=1,2,...., y=0,1,...,n

The pgf of T, and the joint pgf of (7}, St,) are given by

Y hmlp) BT (D) = 303 iy p)e.
n=1

n=1 y=0

For the joint pgf of (T, St,) we may state the following result.
Proposition 2.2. The joint pgf E(zTTsz’” | p) of (T}, St,) follows from the pgf E(z™"|p)
of T, through the relation
S 21
BT p) = B ((2(021 + )" | 525).

Proof. The pmf of (7, S7.) may be written in the form

h'r(nuy|p):b7“(n7y)pyqniy7 n:1727 A y:0717"'7n7

where b,.(n,y) denotes the number of arrangements of y successes and n — y failures
such that at the last element of each arrangement the pattern £ occurs for the rth

time. Similar to the proof of Proposition 2.1 we have that

EGTH" p) = D blny)p'q V2"

n=1 y*O

Y b )G e + )
n=1 y=0

- Zzh Y pffjrq ) (2(pz1 + 9))"
n=1 y=0

= Zh n i) Bz + )

= FE <(z(q +p21))"" | p—fﬁq)
which completes the proof of the proposition. ]

Making use of Proposition 2.2 we may easily obtain the joint pgf F(z Trz TT |p)
of (T, St,, Fr,) in terms of the pgf £ (2" |p) of T, which is given by

B2 2 | p) = EGET 2Tz 0 |p) = E((220)7 (21/20)%7 | p)
= FE ((z(qzo +p2))" | Iﬁ;%) : (2.3)
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Next, let

H(z,21,20;w|p) = Y E("2" 2" |p)w’ and H(zw|p) = ZE (=" | p)u”

r=0

be the double generating function of (7)., Sr,., Fr.) and T,, respectively (again, the
coefficients of w® in the above two generating functions are conventionally taken to be
equal to 1). Using (2.3) we obtain that H(z, z1, z0; w | p) may be expressed in terms of
H(z;w|p) as

H(z 21, 20,w|p) = ZE( | p)w

- ZE( (pa -+ 20))" | 2 ) '
- H(Z(q20+pzl);7~U| S (2:4)

pz1+qz0

Before we proceed to the derivation of our last result, we note that the pmf of T,
and X, are related through the obvious identity Pr(X, > r) = Pr(T, < n), n,r > 1,
which offers a useful tool for passing from the study of the waiting time for a pattern
to the study of the number of appearances of the pattern in fixed number of trials and
vice versa. Exploiting this relationship, Koutras (1997) proved, among other results,
that the double generating functions G(w; z | p) of X,, and H(z;w |p) of T, are related
by the formula ( I D)1

w — AR +
G(w;z|p) = w(l—z)p -
The above result can now be extended offering the following interrelation between the
joint distribution of (X, Sy, F},) and (7., St., Fr,).

(2.5)

Proposition 2.3. The double generating function G(w,ws,wo;z|p) of (Xn,Sn, Fy)
can be expressed in terms of the double generating function H(z, wy, wo;w | p) of (1., St,., Fr.)

as
(w = V) H (2, wy, wo; w|p) + 1

w(l — z(pwy + quy))
Proof. Using successively relations (2.2), (2.5) and (2.4) we get

G(wawhwo;z‘p) =

G(w,wy,wo; 2[p) = G(w; z(quo + pur) | )

pw1+qwo

(w — 1)H(2(qwo + pwy);w | =22—) + 1

pwi1+quwo
w(l — z(pwy + quy))
(w—1)H (z,wi,we;w | p) + 1

w(1 — z(pwy + quy))
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which completes the proof of the proposition. ]

It is worth mentioning that the inversion of the formula established in Proposition

2.3 leads to an expression of H(z, z1, zo; w | p) in terms of G(w, 21, 20; 2 | p), namely

w(l — 2(qz0 + p21))G(w, 21, 20; 2 | p) — 1
w—1 '

H(Z721720;w|p) = (2-6)

Finally, we note that all the power series of the form Z“zk ail,m,ikwil...w;f we
employ are convergent with respect to all their parameters wy,...,w; at least in a
neighborhood of zero of the form (0, 1) x---x (0, 7). By taking w; — 0%, ... wp — 07
in appropriate partial derivatives of the power series (which exist in the same neigh-
borhood) we can recover all the a;, _;, and thus all pgfs we employ uniquely determine
their underlying distribution. We restrict ourselves in positive wy, ..., wy and not, as
usually, in a neighborhood of the form (—ry,r;) x .-+ X (—=rg, %), in order to avoid

possible appearances of negative probabilities in expressions like F(w*" | T%Jqu) etc.

3. Applications

In this section we present two interesting applications of the general results established
in the previous section. More specifically, we study the appearances of some specific
patterns £ in a sequence of Bernoulli trials (with success probability p) illustrating how
one can instantly obtain pgfs of joint distributions of successes, failures and patterns

relying only on the pgf of T} or X,,.

Example 1. Let T, be the waiting time for the r-th appearance of the composite
pattern

& ={11,101,1001, ...,100...0.1}
k—2

(k > 2). Antzoulakos (2001) by employing the overlapping counting scheme derived
that

nyy (1= (@) ()1 - (g2 \7
E(z'"|p) = (1—q2)(1 —qz — (pz)(gz)*1) (1 gz — (pz)(qz)k—l) ,

Using relation (2.3) we immediately obtain that

1— k—1 r
E(ZTerSTrngr ‘p) — pZZI (pZZl)( (q'zzO) ) , r 2 1 (27)
1 —qzzo \ 1 —qzzo — (pz21)(qz20)F1

> 1.
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The pgfs of Sz, Fr., (T, St.), (T,, Fr.) and (Srt,, Fr.) follow readily from the above

formula, which are all new results. It is noteworthy that Sz follows a negative binomial

distribution with parameters r and 1 — ¢*~! shifted to the support {r + 1,7+ 2,...}.
Furthermore, making use of relation (2.7) we may derive the double generating

function of (7, St,, Frr,.) which is given by

w(pzz1)?(1 — (qzzp)* 1)
(1 —qz20)(1 — gzz0 — w(pzz1) — (p221)(q220)* (1 — w))

H(z, 21, 203w p) = 1+

Using Proposition 2.3 we obtain that

1 — qzwg + pzw; — w(pzw) — (pzw)(qzwe) (1 — w)
(1 = qzwo) (1 — qzwo — w(pzwi) — (pzwi)(qzwo)* (1 — w))’

G(w,wy, wo; 2 | p) =
The above expression can be exploited to obtain the following recursive scheme

Go(w|p) = 1, Gi(w]|p) =pwi+quwy, Gao(w|p)= (quo)®+ 2(quo)(pw1) + w(pw;)?
Gu(w|p) = (2qwo + wpw:i)Gn1(W|p) — (quo)(quo + wpw1)Gro(w|p),  3<n<k
Gh(wlp) = (2quo + wpw)G,_1(W|p) — (quo)(quwo + wpw)Gp—o(W | p)

+(1 — w)(pw1)(quo)* [Gror(w|p) — (quo)Grp—r(W|p), n>k+1

satisfied by the joint pgf

Go(W | p) = Gr(w, wi, wy | p) = E(w* wi™wg™ | p)
of (X, Sn, Fy,). Further manipulation over the above recursion may provide a recursive
scheme satisfied by the joint pmf of (X, S,, F,).
In closing Example 1, we note that Koutras (1996) derived the pgf of T, in the case

of the non-overlapping way of counting runs and patterns which is given by

(p2)2(1 — (g2)* 1) r
(1 —q2)(1 - gz~ (pz)(qz)k—1)> T2 1.

Using relation (2.3) we get that

B 1) = (

kfl)

2(1 — (gz20) "
E ZTTZSTTZFTT p) = ( (p221) ( > 7 r> 1’
( L (1 —qz20)(1 — qzz0 — (pzz1)(qzz0)*1) -

from which several results established by Chadjiconstantinidis and Koutras (2001) may

be recovered. [ |



Example 2. Let X, denote the number of success runs of length at least k£ in n iid
Bernoulli trials with success probability p. The double generating function of X, is

given by
o 1- (- w)Et
Glwiz|p) = 1— 2+ (1 —w)gpkzkt?

(see e.g. Hirano and Aki (1993) and Koutras and Alexandrou (1995)). A straightfor-
ward application of relation (2.2) yields

1— (1 —w)(pzwy)k
1 — z(pwy + qwyp) + (1 — w)(gzwo) (pzw)

G(w, wy, wo; 2 | p) = K

The above expression implies the following recursive scheme satisfied by the joint pgf
Gn(w|p) of (Xn, Sn, Fn)
Go(wlp) = 1, Gu(w|p)=(qwo+pur)’, 1<n<k-1
Ge(w|p) = (quo+puwi)* — (1 —w)(pur)*
Gu(w|p) = (quo+pw1)Goa(w|p) = (1 —w)(quo)(pw1)* G p1(w|p), n>k+1.
For wy = w; = 1 the above recursion coincides with the respective one obtained by
Antzoulakos and Chadjiconsantinidis (2001).

The application of relation (2.6) leads to the following expression for the double

generating function of (7., Sz, Fr,)

1— 2(pz1 + qz0) + (1 — w)(gz20) (pz21)* + w(pzz1)*(1 — pzzy)
1= z(pz1 + qz0) + (1 — w)(gz20) (p221)"

Lo (5 1) Qa0

1—w (ﬁ;—?ﬁ) Q(z, 21,20 | D)

H(Zazbzo;w‘p) =

where
(Pzzl)k(l - pzzl)

1 — 2(qz0 + pz1) + (q220) (p221)*
Expanding H(z, 21, zo; w | p) in powers of w we obtain that

Q(Z’, 215 %0 |p) =

Sr, F r—1
E(ZTTZITTZOTr|p) :Q(Z721720|p) <lzi)—202:1 (Z,Zl,ZO|p)> s TZ ].

We note that some special results of the present example has also been obtained by
Chadjiconstantinidis et al. (2000) via a different methodology. [ |

In closing we mention that even though we presented a methodology to obtain
the joint pgf of (7, St., Fr.) and (X, Sy, F,,) through the distribution of X,, or 7,,

9



the derivation of closed formulae or recursive schemes for the pmfs of the desired
distributions seems to be a difficult task in cases where these pgfs are very complicated.
Nevertheless, we can always obtain the pmf from a pgf (e.g. by repeated differentiation
of the pgf) relying on the growing computational power offered by modern computer

algebra software (e.g. Mathematica, Matlab, etc.).
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